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‘Proofs’ that there is collective intelligence in general 

                 Condorcet jury model 
                 Galton experiment 
                 Collective error is always smaller 

I will show they are NOT proofs, but each will give us a lesson of what is needed  
for collective intelligence 

How do animals do it? A couple of lessons from animals 

Can we enhance it with AI? 



Marquis de Condorcet 

Essay on the applicability of  
probability analysis to majority decisions 

Condorcet (1785)



1 2
Incorrect option Correct option

She chooses the right option  
with probability p

Condorcet (1785)



Incorrect option Correct option

What is the probability that the majority (2 of them) chooses the correct  
option if each person does with probability p ?

Condorcet (1785)
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Condorcet (1785)

Is this a proof of Collective Intelligence? 

No, it assumes humans to be independent, and we are not because: 

1. We receive similar information for many problems 
2. We share a common historical/cultural background 
3. We share a common cognitive architecture

LESSON 1:  
with correlations among individuals, majority voting may NOT be collective intelligence 

LESSON 2:  
You also need individuals with p>0.5



Galton (1907)

Francis Galton 

Vox Populi 



Individuals (800) write down their answer independently of each other

Median value (middle observation of ordered list)= 1,198

2,520  645 650 700   840    990

What is the weight of the ox?

1,198 2,050 2,100   400    2,320    3,100   2,140

Real value = 1,207
1 % error

Galton (1907)



Individuals (800) write down their answer independently of each other

Median value (middle observation of ordered list)= 1,198

2,520  645 650 700   840    990

What is the weight of the ox?

1,198 2,050 2,100   400    2,320    3,100   2,140

Real value = 1,207
1 % error

Galton (1907)

What is the border length between Italy and Swizerland?

Median value = 302

Real value = 734
60 % error



LESSON 3:  

In general, knowledge is not equally distributed in a collective,  
so doing mean/median is NOT collective intelligence

Galton (1907)



‘Proofs’ that there is collective intelligence in general 

                 Condorcet jury model 
                 Galton experiment 
                 Collective error is always smaller 

I will show they are NOT proofs, but each will give us a lesson of what is needed  
for collective intelligence 

How do animals do it? A couple of lessons from animals 

Can we enhance it with AI? 



A ‘proof’ of lower collective error

We haveN individuals making estimations: estimation(i) for i = 1, ..., N
<latexit sha1_base64="4avddolt9+lJZ6PHLutF6R0DQRI="></latexit><latexit sha1_base64="4avddolt9+lJZ6PHLutF6R0DQRI="></latexit><latexit sha1_base64="4avddolt9+lJZ6PHLutF6R0DQRI="></latexit><latexit sha1_base64="4avddolt9+lJZ6PHLutF6R0DQRI="></latexit>



error(i) = (estimation(i)� truth)

2
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error(i)
<latexit sha1_base64="xqNQXCNP7GknJFPxBXicU4s+W5M=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTEI8RJ2g6DeAl48RjAmkCxhdtKbDJmdWWZ6xbAE/BUvHlS8+h/e/Bsnj4MmFjQUVd10d4WJ4AY979vJrayurW/kNwtb2zu7e8X9g3ujUs2gwZRQuhVSA4JLaCBHAa1EA41DAc1weD3xmw+gDVfyDkcJBDHtSx5xRtFK3eJRB+ERpdIxFRlorfS4zM+6xZJX8aZwl4k/JyUyR71b/Or0FEtjkMgENabtewkGGdXImYBxoZMaSCgb0j60LZU0BhNk0/PH7qlVem6ktC2J7lT9PZHR2JhRHNrOmOLALHoT8T+vnWJ0GWRcJimCZLNFUSpcVO4kC7fHNTAUI0so09ze6rIB1ZShTaxgQ/AXX14mjWrlquLfnpdq1XkaeXJMTkiZ+OSC1MgNqZMGYSQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QMyxJXH</latexit><latexit sha1_base64="xqNQXCNP7GknJFPxBXicU4s+W5M=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTEI8RJ2g6DeAl48RjAmkCxhdtKbDJmdWWZ6xbAE/BUvHlS8+h/e/Bsnj4MmFjQUVd10d4WJ4AY979vJrayurW/kNwtb2zu7e8X9g3ujUs2gwZRQuhVSA4JLaCBHAa1EA41DAc1weD3xmw+gDVfyDkcJBDHtSx5xRtFK3eJRB+ERpdIxFRlorfS4zM+6xZJX8aZwl4k/JyUyR71b/Or0FEtjkMgENabtewkGGdXImYBxoZMaSCgb0j60LZU0BhNk0/PH7qlVem6ktC2J7lT9PZHR2JhRHNrOmOLALHoT8T+vnWJ0GWRcJimCZLNFUSpcVO4kC7fHNTAUI0so09ze6rIB1ZShTaxgQ/AXX14mjWrlquLfnpdq1XkaeXJMTkiZ+OSC1MgNqZMGYSQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QMyxJXH</latexit><latexit sha1_base64="xqNQXCNP7GknJFPxBXicU4s+W5M=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTEI8RJ2g6DeAl48RjAmkCxhdtKbDJmdWWZ6xbAE/BUvHlS8+h/e/Bsnj4MmFjQUVd10d4WJ4AY979vJrayurW/kNwtb2zu7e8X9g3ujUs2gwZRQuhVSA4JLaCBHAa1EA41DAc1weD3xmw+gDVfyDkcJBDHtSx5xRtFK3eJRB+ERpdIxFRlorfS4zM+6xZJX8aZwl4k/JyUyR71b/Or0FEtjkMgENabtewkGGdXImYBxoZMaSCgb0j60LZU0BhNk0/PH7qlVem6ktC2J7lT9PZHR2JhRHNrOmOLALHoT8T+vnWJ0GWRcJimCZLNFUSpcVO4kC7fHNTAUI0so09ze6rIB1ZShTaxgQ/AXX14mjWrlquLfnpdq1XkaeXJMTkiZ+OSC1MgNqZMGYSQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QMyxJXH</latexit><latexit sha1_base64="xqNQXCNP7GknJFPxBXicU4s+W5M=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTEI8RJ2g6DeAl48RjAmkCxhdtKbDJmdWWZ6xbAE/BUvHlS8+h/e/Bsnj4MmFjQUVd10d4WJ4AY979vJrayurW/kNwtb2zu7e8X9g3ujUs2gwZRQuhVSA4JLaCBHAa1EA41DAc1weD3xmw+gDVfyDkcJBDHtSx5xRtFK3eJRB+ERpdIxFRlorfS4zM+6xZJX8aZwl4k/JyUyR71b/Or0FEtjkMgENabtewkGGdXImYBxoZMaSCgb0j60LZU0BhNk0/PH7qlVem6ktC2J7lT9PZHR2JhRHNrOmOLALHoT8T+vnWJ0GWRcJimCZLNFUSpcVO4kC7fHNTAUI0so09ze6rIB1ZShTaxgQ/AXX14mjWrlquLfnpdq1XkaeXJMTkiZ+OSC1MgNqZMGYSQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QMyxJXH</latexit>
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truth
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A ‘proof’ of lower collective error

We haveN individuals making estimations: estimation(i) for i = 1, ..., N
<latexit sha1_base64="4avddolt9+lJZ6PHLutF6R0DQRI="></latexit><latexit sha1_base64="4avddolt9+lJZ6PHLutF6R0DQRI="></latexit><latexit sha1_base64="4avddolt9+lJZ6PHLutF6R0DQRI="></latexit><latexit sha1_base64="4avddolt9+lJZ6PHLutF6R0DQRI="></latexit>

The error each individual makes is

<latexit sha1_base64="6FdymA0AOT2zh3m7LwkjbY8UnWY=">AAACGHicbVA9TxtBEN1zIHEcEgyUaVZYSKmsOytSks5SGkojYbBkW9bc3hxeeT9Ou3MW1sl/I03+SpoUAaWl49+wNi7A8Kqn92Y0b15aKOkpju+j2pud3bfv6u8bH/Y+ftpvHhxeeFs6gX1hlXWDFDwqabBPkhQOCoegU4WX6eznyr+co/PSmnNaFDjWcGVkLgVQkCbNeER4TcY6Dao6nyJH56zjCGLKpcnkXGYlKK5hhp5Lv+STZitux2vwlyTZkBbboDdp3o0yK0qNhoQC74dJXNC4AkdSKFw2RqXHAsQMrnAYqAGNflytP1vyk6BkPA+JcmuIr9WnGxVo7xc6DZMaaOq3vZX4mjcsKf8+rqQpSkIjHg/lpeJk+aomnkmHgtQiEBBOhqxcTMGBoFBmI5SQbL/8kvQ77R/t5Oxrq9vZtFFnn9kx+8IS9o112SnrsT4T7Bf7w/6xm+h39De6jf4/jtaizc4Re4bo7gFXQqCj</latexit><latexit sha1_base64="6FdymA0AOT2zh3m7LwkjbY8UnWY=">AAACGHicbVA9TxtBEN1zIHEcEgyUaVZYSKmsOytSks5SGkojYbBkW9bc3hxeeT9Ou3MW1sl/I03+SpoUAaWl49+wNi7A8Kqn92Y0b15aKOkpju+j2pud3bfv6u8bH/Y+ftpvHhxeeFs6gX1hlXWDFDwqabBPkhQOCoegU4WX6eznyr+co/PSmnNaFDjWcGVkLgVQkCbNeER4TcY6Dao6nyJH56zjCGLKpcnkXGYlKK5hhp5Lv+STZitux2vwlyTZkBbboDdp3o0yK0qNhoQC74dJXNC4AkdSKFw2RqXHAsQMrnAYqAGNflytP1vyk6BkPA+JcmuIr9WnGxVo7xc6DZMaaOq3vZX4mjcsKf8+rqQpSkIjHg/lpeJk+aomnkmHgtQiEBBOhqxcTMGBoFBmI5SQbL/8kvQ77R/t5Oxrq9vZtFFnn9kx+8IS9o112SnrsT4T7Bf7w/6xm+h39De6jf4/jtaizc4Re4bo7gFXQqCj</latexit><latexit sha1_base64="6FdymA0AOT2zh3m7LwkjbY8UnWY=">AAACGHicbVA9TxtBEN1zIHEcEgyUaVZYSKmsOytSks5SGkojYbBkW9bc3hxeeT9Ou3MW1sl/I03+SpoUAaWl49+wNi7A8Kqn92Y0b15aKOkpju+j2pud3bfv6u8bH/Y+ftpvHhxeeFs6gX1hlXWDFDwqabBPkhQOCoegU4WX6eznyr+co/PSmnNaFDjWcGVkLgVQkCbNeER4TcY6Dao6nyJH56zjCGLKpcnkXGYlKK5hhp5Lv+STZitux2vwlyTZkBbboDdp3o0yK0qNhoQC74dJXNC4AkdSKFw2RqXHAsQMrnAYqAGNflytP1vyk6BkPA+JcmuIr9WnGxVo7xc6DZMaaOq3vZX4mjcsKf8+rqQpSkIjHg/lpeJk+aomnkmHgtQiEBBOhqxcTMGBoFBmI5SQbL/8kvQ77R/t5Oxrq9vZtFFnn9kx+8IS9o112SnrsT4T7Bf7w/6xm+h39De6jf4/jtaizc4Re4bo7gFXQqCj</latexit><latexit sha1_base64="6FdymA0AOT2zh3m7LwkjbY8UnWY=">AAACGHicbVA9TxtBEN1zIHEcEgyUaVZYSKmsOytSks5SGkojYbBkW9bc3hxeeT9Ou3MW1sl/I03+SpoUAaWl49+wNi7A8Kqn92Y0b15aKOkpju+j2pud3bfv6u8bH/Y+ftpvHhxeeFs6gX1hlXWDFDwqabBPkhQOCoegU4WX6eznyr+co/PSmnNaFDjWcGVkLgVQkCbNeER4TcY6Dao6nyJH56zjCGLKpcnkXGYlKK5hhp5Lv+STZitux2vwlyTZkBbboDdp3o0yK0qNhoQC74dJXNC4AkdSKFw2RqXHAsQMrnAYqAGNflytP1vyk6BkPA+JcmuIr9WnGxVo7xc6DZMaaOq3vZX4mjcsKf8+rqQpSkIjHg/lpeJk+aomnkmHgtQiEBBOhqxcTMGBoFBmI5SQbL/8kvQ77R/t5Oxrq9vZtFFnn9kx+8IS9o112SnrsT4T7Bf7w/6xm+h39De6jf4/jtaizc4Re4bo7gFXQqCj</latexit>



error(i) = (estimation(i)� truth)

2
<latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="R+zxlWnJKzGK4vEsJofl4suBIM0="></latexit><latexit sha1_base64="R+zxlWnJKzGK4vEsJofl4suBIM0="></latexit><latexit sha1_base64="dB408NO2Sko90vTqJKVB6NZetMI="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit>

error(i) =
1

N

NX

i=1

(estimation(i)� truth)

2

<latexit sha1_base64="PuQ4OJX/EONBpwESGdb6W5xlKJg="></latexit><latexit sha1_base64="PuQ4OJX/EONBpwESGdb6W5xlKJg="></latexit><latexit sha1_base64="PuQ4OJX/EONBpwESGdb6W5xlKJg="></latexit><latexit sha1_base64="PuQ4OJX/EONBpwESGdb6W5xlKJg="></latexit>

error(i)
<latexit sha1_base64="xqNQXCNP7GknJFPxBXicU4s+W5M=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTEI8RJ2g6DeAl48RjAmkCxhdtKbDJmdWWZ6xbAE/BUvHlS8+h/e/Bsnj4MmFjQUVd10d4WJ4AY979vJrayurW/kNwtb2zu7e8X9g3ujUs2gwZRQuhVSA4JLaCBHAa1EA41DAc1weD3xmw+gDVfyDkcJBDHtSx5xRtFK3eJRB+ERpdIxFRlorfS4zM+6xZJX8aZwl4k/JyUyR71b/Or0FEtjkMgENabtewkGGdXImYBxoZMaSCgb0j60LZU0BhNk0/PH7qlVem6ktC2J7lT9PZHR2JhRHNrOmOLALHoT8T+vnWJ0GWRcJimCZLNFUSpcVO4kC7fHNTAUI0so09ze6rIB1ZShTaxgQ/AXX14mjWrlquLfnpdq1XkaeXJMTkiZ+OSC1MgNqZMGYSQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QMyxJXH</latexit><latexit sha1_base64="xqNQXCNP7GknJFPxBXicU4s+W5M=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTEI8RJ2g6DeAl48RjAmkCxhdtKbDJmdWWZ6xbAE/BUvHlS8+h/e/Bsnj4MmFjQUVd10d4WJ4AY979vJrayurW/kNwtb2zu7e8X9g3ujUs2gwZRQuhVSA4JLaCBHAa1EA41DAc1weD3xmw+gDVfyDkcJBDHtSx5xRtFK3eJRB+ERpdIxFRlorfS4zM+6xZJX8aZwl4k/JyUyR71b/Or0FEtjkMgENabtewkGGdXImYBxoZMaSCgb0j60LZU0BhNk0/PH7qlVem6ktC2J7lT9PZHR2JhRHNrOmOLALHoT8T+vnWJ0GWRcJimCZLNFUSpcVO4kC7fHNTAUI0so09ze6rIB1ZShTaxgQ/AXX14mjWrlquLfnpdq1XkaeXJMTkiZ+OSC1MgNqZMGYSQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QMyxJXH</latexit><latexit sha1_base64="xqNQXCNP7GknJFPxBXicU4s+W5M=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTEI8RJ2g6DeAl48RjAmkCxhdtKbDJmdWWZ6xbAE/BUvHlS8+h/e/Bsnj4MmFjQUVd10d4WJ4AY979vJrayurW/kNwtb2zu7e8X9g3ujUs2gwZRQuhVSA4JLaCBHAa1EA41DAc1weD3xmw+gDVfyDkcJBDHtSx5xRtFK3eJRB+ERpdIxFRlorfS4zM+6xZJX8aZwl4k/JyUyR71b/Or0FEtjkMgENabtewkGGdXImYBxoZMaSCgb0j60LZU0BhNk0/PH7qlVem6ktC2J7lT9PZHR2JhRHNrOmOLALHoT8T+vnWJ0GWRcJimCZLNFUSpcVO4kC7fHNTAUI0so09ze6rIB1ZShTaxgQ/AXX14mjWrlquLfnpdq1XkaeXJMTkiZ+OSC1MgNqZMGYSQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QMyxJXH</latexit><latexit sha1_base64="xqNQXCNP7GknJFPxBXicU4s+W5M=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTEI8RJ2g6DeAl48RjAmkCxhdtKbDJmdWWZ6xbAE/BUvHlS8+h/e/Bsnj4MmFjQUVd10d4WJ4AY979vJrayurW/kNwtb2zu7e8X9g3ujUs2gwZRQuhVSA4JLaCBHAa1EA41DAc1weD3xmw+gDVfyDkcJBDHtSx5xRtFK3eJRB+ERpdIxFRlorfS4zM+6xZJX8aZwl4k/JyUyR71b/Or0FEtjkMgENabtewkGGdXImYBxoZMaSCgb0j60LZU0BhNk0/PH7qlVem6ktC2J7lT9PZHR2JhRHNrOmOLALHoT8T+vnWJ0GWRcJimCZLNFUSpcVO4kC7fHNTAUI0so09ze6rIB1ZShTaxgQ/AXX14mjWrlquLfnpdq1XkaeXJMTkiZ+OSC1MgNqZMGYSQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QMyxJXH</latexit>

estimation(i)
<latexit sha1_base64="SHlYrZW5jE5LwKed74+pw1RMsAE=">AAACAnicbVA9SwNBEN3zM8avqJ02i0GITbgLgtoFbCwjeCaQhLC3mSRL9vaO3TkxHAEb/4qNhYqtv8LOf+MmuUITHww83pthZl4QS2HQdb+dpeWV1bX13EZ+c2t7Z7ewt39nokRz8HkkI90ImAEpFPgoUEIj1sDCQEI9GF5N/Po9aCMidYujGNoh6yvRE5yhlTqFwxbCA6pIh0ymYFCEU2NcEqedQtEtu1PQReJlpEgy1DqFr1Y34kkICrlkxjQ9N8Z2yjQKLmGcbyUGYsaHrA9NSxULwbTT6Q9jemKVLu1F2pZCOlV/T6QsNGYUBrbTnjgw895E/M9rJti7aKdCxQmC4rNFvURSjOgkENoVGjjKkSWMa2FvpXzANONoY8vbELz5lxeJXylflr2bs2K1kqWRI0fkmJSIR85JlVyTGvEJJ4/kmbySN+fJeXHenY9Z65KTzRyQP3A+fwBAcJgM</latexit><latexit sha1_base64="SHlYrZW5jE5LwKed74+pw1RMsAE=">AAACAnicbVA9SwNBEN3zM8avqJ02i0GITbgLgtoFbCwjeCaQhLC3mSRL9vaO3TkxHAEb/4qNhYqtv8LOf+MmuUITHww83pthZl4QS2HQdb+dpeWV1bX13EZ+c2t7Z7ewt39nokRz8HkkI90ImAEpFPgoUEIj1sDCQEI9GF5N/Po9aCMidYujGNoh6yvRE5yhlTqFwxbCA6pIh0ymYFCEU2NcEqedQtEtu1PQReJlpEgy1DqFr1Y34kkICrlkxjQ9N8Z2yjQKLmGcbyUGYsaHrA9NSxULwbTT6Q9jemKVLu1F2pZCOlV/T6QsNGYUBrbTnjgw895E/M9rJti7aKdCxQmC4rNFvURSjOgkENoVGjjKkSWMa2FvpXzANONoY8vbELz5lxeJXylflr2bs2K1kqWRI0fkmJSIR85JlVyTGvEJJ4/kmbySN+fJeXHenY9Z65KTzRyQP3A+fwBAcJgM</latexit><latexit sha1_base64="SHlYrZW5jE5LwKed74+pw1RMsAE=">AAACAnicbVA9SwNBEN3zM8avqJ02i0GITbgLgtoFbCwjeCaQhLC3mSRL9vaO3TkxHAEb/4qNhYqtv8LOf+MmuUITHww83pthZl4QS2HQdb+dpeWV1bX13EZ+c2t7Z7ewt39nokRz8HkkI90ImAEpFPgoUEIj1sDCQEI9GF5N/Po9aCMidYujGNoh6yvRE5yhlTqFwxbCA6pIh0ymYFCEU2NcEqedQtEtu1PQReJlpEgy1DqFr1Y34kkICrlkxjQ9N8Z2yjQKLmGcbyUGYsaHrA9NSxULwbTT6Q9jemKVLu1F2pZCOlV/T6QsNGYUBrbTnjgw895E/M9rJti7aKdCxQmC4rNFvURSjOgkENoVGjjKkSWMa2FvpXzANONoY8vbELz5lxeJXylflr2bs2K1kqWRI0fkmJSIR85JlVyTGvEJJ4/kmbySN+fJeXHenY9Z65KTzRyQP3A+fwBAcJgM</latexit><latexit sha1_base64="SHlYrZW5jE5LwKed74+pw1RMsAE=">AAACAnicbVA9SwNBEN3zM8avqJ02i0GITbgLgtoFbCwjeCaQhLC3mSRL9vaO3TkxHAEb/4qNhYqtv8LOf+MmuUITHww83pthZl4QS2HQdb+dpeWV1bX13EZ+c2t7Z7ewt39nokRz8HkkI90ImAEpFPgoUEIj1sDCQEI9GF5N/Po9aCMidYujGNoh6yvRE5yhlTqFwxbCA6pIh0ymYFCEU2NcEqedQtEtu1PQReJlpEgy1DqFr1Y34kkICrlkxjQ9N8Z2yjQKLmGcbyUGYsaHrA9NSxULwbTT6Q9jemKVLu1F2pZCOlV/T6QsNGYUBrbTnjgw895E/M9rJti7aKdCxQmC4rNFvURSjOgkENoVGjjKkSWMa2FvpXzANONoY8vbELz5lxeJXylflr2bs2K1kqWRI0fkmJSIR85JlVyTGvEJJ4/kmbySN+fJeXHenY9Z65KTzRyQP3A+fwBAcJgM</latexit>

truth
<latexit sha1_base64="jRbcee690Hsb1MiEkyR6MSqFxhc=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyCp5IUQb0VvHisYGyhDWWz3bRLN7thdyItoX/FiwcVr/4Sb/4bt20O2vpg4PHeDDPzolRwA5737ZQ2Nre2d8q7lb39g8Mj97j6aFSmKQuoEkp3ImKY4JIFwEGwTqoZSSLB2tH4du63n5g2XMkHmKYsTMhQ8phTAlbqu9UesAlIpRMictAZjGZ9t+bVvQXwOvELUkMFWn33qzdQNEuYBCqIMV3fSyHMiQZOBZtVeplhKaFjMmRdSyVJmAnzxe0zfG6VAY6VtiUBL9TfEzlJjJkmke1MCIzMqjcX//O6GcTXYc5lmgGTdLkozgQGhedB4AHXjIKYWkKo5vZWTEdEEwo2rooNwV99eZ0EjfpN3b+/rDUbRRpldIrO0AXy0RVqojvUQgGiaIKe0St6c2bOi/PufCxbS04xc4L+wPn8AaXklPw=</latexit><latexit sha1_base64="jRbcee690Hsb1MiEkyR6MSqFxhc=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyCp5IUQb0VvHisYGyhDWWz3bRLN7thdyItoX/FiwcVr/4Sb/4bt20O2vpg4PHeDDPzolRwA5737ZQ2Nre2d8q7lb39g8Mj97j6aFSmKQuoEkp3ImKY4JIFwEGwTqoZSSLB2tH4du63n5g2XMkHmKYsTMhQ8phTAlbqu9UesAlIpRMictAZjGZ9t+bVvQXwOvELUkMFWn33qzdQNEuYBCqIMV3fSyHMiQZOBZtVeplhKaFjMmRdSyVJmAnzxe0zfG6VAY6VtiUBL9TfEzlJjJkmke1MCIzMqjcX//O6GcTXYc5lmgGTdLkozgQGhedB4AHXjIKYWkKo5vZWTEdEEwo2rooNwV99eZ0EjfpN3b+/rDUbRRpldIrO0AXy0RVqojvUQgGiaIKe0St6c2bOi/PufCxbS04xc4L+wPn8AaXklPw=</latexit><latexit sha1_base64="jRbcee690Hsb1MiEkyR6MSqFxhc=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyCp5IUQb0VvHisYGyhDWWz3bRLN7thdyItoX/FiwcVr/4Sb/4bt20O2vpg4PHeDDPzolRwA5737ZQ2Nre2d8q7lb39g8Mj97j6aFSmKQuoEkp3ImKY4JIFwEGwTqoZSSLB2tH4du63n5g2XMkHmKYsTMhQ8phTAlbqu9UesAlIpRMictAZjGZ9t+bVvQXwOvELUkMFWn33qzdQNEuYBCqIMV3fSyHMiQZOBZtVeplhKaFjMmRdSyVJmAnzxe0zfG6VAY6VtiUBL9TfEzlJjJkmke1MCIzMqjcX//O6GcTXYc5lmgGTdLkozgQGhedB4AHXjIKYWkKo5vZWTEdEEwo2rooNwV99eZ0EjfpN3b+/rDUbRRpldIrO0AXy0RVqojvUQgGiaIKe0St6c2bOi/PufCxbS04xc4L+wPn8AaXklPw=</latexit><latexit sha1_base64="jRbcee690Hsb1MiEkyR6MSqFxhc=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyCp5IUQb0VvHisYGyhDWWz3bRLN7thdyItoX/FiwcVr/4Sb/4bt20O2vpg4PHeDDPzolRwA5737ZQ2Nre2d8q7lb39g8Mj97j6aFSmKQuoEkp3ImKY4JIFwEGwTqoZSSLB2tH4du63n5g2XMkHmKYsTMhQ8phTAlbqu9UesAlIpRMictAZjGZ9t+bVvQXwOvELUkMFWn33qzdQNEuYBCqIMV3fSyHMiQZOBZtVeplhKaFjMmRdSyVJmAnzxe0zfG6VAY6VtiUBL9TfEzlJjJkmke1MCIzMqjcX//O6GcTXYc5lmgGTdLkozgQGhedB4AHXjIKYWkKo5vZWTEdEEwo2rooNwV99eZ0EjfpN3b+/rDUbRRpldIrO0AXy0RVqojvUQgGiaIKe0St6c2bOi/PufCxbS04xc4L+wPn8AaXklPw=</latexit>

A ‘proof’ of lower collective error

We haveN individuals making estimations: estimation(i) for i = 1, ..., N
<latexit sha1_base64="4avddolt9+lJZ6PHLutF6R0DQRI="></latexit><latexit sha1_base64="4avddolt9+lJZ6PHLutF6R0DQRI="></latexit><latexit sha1_base64="4avddolt9+lJZ6PHLutF6R0DQRI="></latexit><latexit sha1_base64="4avddolt9+lJZ6PHLutF6R0DQRI="></latexit>

The error each individual makes is

<latexit sha1_base64="6FdymA0AOT2zh3m7LwkjbY8UnWY=">AAACGHicbVA9TxtBEN1zIHEcEgyUaVZYSKmsOytSks5SGkojYbBkW9bc3hxeeT9Ou3MW1sl/I03+SpoUAaWl49+wNi7A8Kqn92Y0b15aKOkpju+j2pud3bfv6u8bH/Y+ftpvHhxeeFs6gX1hlXWDFDwqabBPkhQOCoegU4WX6eznyr+co/PSmnNaFDjWcGVkLgVQkCbNeER4TcY6Dao6nyJH56zjCGLKpcnkXGYlKK5hhp5Lv+STZitux2vwlyTZkBbboDdp3o0yK0qNhoQC74dJXNC4AkdSKFw2RqXHAsQMrnAYqAGNflytP1vyk6BkPA+JcmuIr9WnGxVo7xc6DZMaaOq3vZX4mjcsKf8+rqQpSkIjHg/lpeJk+aomnkmHgtQiEBBOhqxcTMGBoFBmI5SQbL/8kvQ77R/t5Oxrq9vZtFFnn9kx+8IS9o112SnrsT4T7Bf7w/6xm+h39De6jf4/jtaizc4Re4bo7gFXQqCj</latexit><latexit sha1_base64="6FdymA0AOT2zh3m7LwkjbY8UnWY=">AAACGHicbVA9TxtBEN1zIHEcEgyUaVZYSKmsOytSks5SGkojYbBkW9bc3hxeeT9Ou3MW1sl/I03+SpoUAaWl49+wNi7A8Kqn92Y0b15aKOkpju+j2pud3bfv6u8bH/Y+ftpvHhxeeFs6gX1hlXWDFDwqabBPkhQOCoegU4WX6eznyr+co/PSmnNaFDjWcGVkLgVQkCbNeER4TcY6Dao6nyJH56zjCGLKpcnkXGYlKK5hhp5Lv+STZitux2vwlyTZkBbboDdp3o0yK0qNhoQC74dJXNC4AkdSKFw2RqXHAsQMrnAYqAGNflytP1vyk6BkPA+JcmuIr9WnGxVo7xc6DZMaaOq3vZX4mjcsKf8+rqQpSkIjHg/lpeJk+aomnkmHgtQiEBBOhqxcTMGBoFBmI5SQbL/8kvQ77R/t5Oxrq9vZtFFnn9kx+8IS9o112SnrsT4T7Bf7w/6xm+h39De6jf4/jtaizc4Re4bo7gFXQqCj</latexit><latexit sha1_base64="6FdymA0AOT2zh3m7LwkjbY8UnWY=">AAACGHicbVA9TxtBEN1zIHEcEgyUaVZYSKmsOytSks5SGkojYbBkW9bc3hxeeT9Ou3MW1sl/I03+SpoUAaWl49+wNi7A8Kqn92Y0b15aKOkpju+j2pud3bfv6u8bH/Y+ftpvHhxeeFs6gX1hlXWDFDwqabBPkhQOCoegU4WX6eznyr+co/PSmnNaFDjWcGVkLgVQkCbNeER4TcY6Dao6nyJH56zjCGLKpcnkXGYlKK5hhp5Lv+STZitux2vwlyTZkBbboDdp3o0yK0qNhoQC74dJXNC4AkdSKFw2RqXHAsQMrnAYqAGNflytP1vyk6BkPA+JcmuIr9WnGxVo7xc6DZMaaOq3vZX4mjcsKf8+rqQpSkIjHg/lpeJk+aomnkmHgtQiEBBOhqxcTMGBoFBmI5SQbL/8kvQ77R/t5Oxrq9vZtFFnn9kx+8IS9o112SnrsT4T7Bf7w/6xm+h39De6jf4/jtaizc4Re4bo7gFXQqCj</latexit><latexit sha1_base64="6FdymA0AOT2zh3m7LwkjbY8UnWY=">AAACGHicbVA9TxtBEN1zIHEcEgyUaVZYSKmsOytSks5SGkojYbBkW9bc3hxeeT9Ou3MW1sl/I03+SpoUAaWl49+wNi7A8Kqn92Y0b15aKOkpju+j2pud3bfv6u8bH/Y+ftpvHhxeeFs6gX1hlXWDFDwqabBPkhQOCoegU4WX6eznyr+co/PSmnNaFDjWcGVkLgVQkCbNeER4TcY6Dao6nyJH56zjCGLKpcnkXGYlKK5hhp5Lv+STZitux2vwlyTZkBbboDdp3o0yK0qNhoQC74dJXNC4AkdSKFw2RqXHAsQMrnAYqAGNflytP1vyk6BkPA+JcmuIr9WnGxVo7xc6DZMaaOq3vZX4mjcsKf8+rqQpSkIjHg/lpeJk+aomnkmHgtQiEBBOhqxcTMGBoFBmI5SQbL/8kvQ77R/t5Oxrq9vZtFFnn9kx+8IS9o112SnrsT4T7Bf7w/6xm+h39De6jf4/jtaizc4Re4bo7gFXQqCj</latexit>

The error each an individual makes is on average

<latexit sha1_base64="TSxEGta/4OyIfkkEfUzMxzg0aL4="></latexit><latexit sha1_base64="TSxEGta/4OyIfkkEfUzMxzg0aL4="></latexit><latexit sha1_base64="TSxEGta/4OyIfkkEfUzMxzg0aL4="></latexit><latexit sha1_base64="TSxEGta/4OyIfkkEfUzMxzg0aL4="></latexit>



error(i) = (estimation(i)� truth)

2
<latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="R+zxlWnJKzGK4vEsJofl4suBIM0="></latexit><latexit sha1_base64="R+zxlWnJKzGK4vEsJofl4suBIM0="></latexit><latexit sha1_base64="dB408NO2Sko90vTqJKVB6NZetMI="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit>

error(i) =
1

N

NX

i=1

(estimation(i)� truth)

2

<latexit sha1_base64="PuQ4OJX/EONBpwESGdb6W5xlKJg="></latexit><latexit sha1_base64="PuQ4OJX/EONBpwESGdb6W5xlKJg="></latexit><latexit sha1_base64="PuQ4OJX/EONBpwESGdb6W5xlKJg="></latexit><latexit sha1_base64="PuQ4OJX/EONBpwESGdb6W5xlKJg="></latexit>

collective estimation =

1

N

NX

i=1

estimation(i)
<latexit sha1_base64="KJPplmRQBmsg3A0Auv3I4pg05iA="></latexit><latexit sha1_base64="KJPplmRQBmsg3A0Auv3I4pg05iA="></latexit><latexit sha1_base64="KJPplmRQBmsg3A0Auv3I4pg05iA="></latexit><latexit sha1_base64="KJPplmRQBmsg3A0Auv3I4pg05iA="></latexit>

collective error = (collective estimation� truth)

2
<latexit sha1_base64="4Qqoi09gYPCww8AIHPjy1+bSXlU="></latexit><latexit sha1_base64="4Qqoi09gYPCww8AIHPjy1+bSXlU="></latexit><latexit sha1_base64="4Qqoi09gYPCww8AIHPjy1+bSXlU="></latexit><latexit sha1_base64="4Qqoi09gYPCww8AIHPjy1+bSXlU="></latexit>

error(i)
<latexit sha1_base64="xqNQXCNP7GknJFPxBXicU4s+W5M=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTEI8RJ2g6DeAl48RjAmkCxhdtKbDJmdWWZ6xbAE/BUvHlS8+h/e/Bsnj4MmFjQUVd10d4WJ4AY979vJrayurW/kNwtb2zu7e8X9g3ujUs2gwZRQuhVSA4JLaCBHAa1EA41DAc1weD3xmw+gDVfyDkcJBDHtSx5xRtFK3eJRB+ERpdIxFRlorfS4zM+6xZJX8aZwl4k/JyUyR71b/Or0FEtjkMgENabtewkGGdXImYBxoZMaSCgb0j60LZU0BhNk0/PH7qlVem6ktC2J7lT9PZHR2JhRHNrOmOLALHoT8T+vnWJ0GWRcJimCZLNFUSpcVO4kC7fHNTAUI0so09ze6rIB1ZShTaxgQ/AXX14mjWrlquLfnpdq1XkaeXJMTkiZ+OSC1MgNqZMGYSQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QMyxJXH</latexit><latexit sha1_base64="xqNQXCNP7GknJFPxBXicU4s+W5M=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTEI8RJ2g6DeAl48RjAmkCxhdtKbDJmdWWZ6xbAE/BUvHlS8+h/e/Bsnj4MmFjQUVd10d4WJ4AY979vJrayurW/kNwtb2zu7e8X9g3ujUs2gwZRQuhVSA4JLaCBHAa1EA41DAc1weD3xmw+gDVfyDkcJBDHtSx5xRtFK3eJRB+ERpdIxFRlorfS4zM+6xZJX8aZwl4k/JyUyR71b/Or0FEtjkMgENabtewkGGdXImYBxoZMaSCgb0j60LZU0BhNk0/PH7qlVem6ktC2J7lT9PZHR2JhRHNrOmOLALHoT8T+vnWJ0GWRcJimCZLNFUSpcVO4kC7fHNTAUI0so09ze6rIB1ZShTaxgQ/AXX14mjWrlquLfnpdq1XkaeXJMTkiZ+OSC1MgNqZMGYSQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QMyxJXH</latexit><latexit sha1_base64="xqNQXCNP7GknJFPxBXicU4s+W5M=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTEI8RJ2g6DeAl48RjAmkCxhdtKbDJmdWWZ6xbAE/BUvHlS8+h/e/Bsnj4MmFjQUVd10d4WJ4AY979vJrayurW/kNwtb2zu7e8X9g3ujUs2gwZRQuhVSA4JLaCBHAa1EA41DAc1weD3xmw+gDVfyDkcJBDHtSx5xRtFK3eJRB+ERpdIxFRlorfS4zM+6xZJX8aZwl4k/JyUyR71b/Or0FEtjkMgENabtewkGGdXImYBxoZMaSCgb0j60LZU0BhNk0/PH7qlVem6ktC2J7lT9PZHR2JhRHNrOmOLALHoT8T+vnWJ0GWRcJimCZLNFUSpcVO4kC7fHNTAUI0so09ze6rIB1ZShTaxgQ/AXX14mjWrlquLfnpdq1XkaeXJMTkiZ+OSC1MgNqZMGYSQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QMyxJXH</latexit><latexit sha1_base64="xqNQXCNP7GknJFPxBXicU4s+W5M=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTEI8RJ2g6DeAl48RjAmkCxhdtKbDJmdWWZ6xbAE/BUvHlS8+h/e/Bsnj4MmFjQUVd10d4WJ4AY979vJrayurW/kNwtb2zu7e8X9g3ujUs2gwZRQuhVSA4JLaCBHAa1EA41DAc1weD3xmw+gDVfyDkcJBDHtSx5xRtFK3eJRB+ERpdIxFRlorfS4zM+6xZJX8aZwl4k/JyUyR71b/Or0FEtjkMgENabtewkGGdXImYBxoZMaSCgb0j60LZU0BhNk0/PH7qlVem6ktC2J7lT9PZHR2JhRHNrOmOLALHoT8T+vnWJ0GWRcJimCZLNFUSpcVO4kC7fHNTAUI0so09ze6rIB1ZShTaxgQ/AXX14mjWrlquLfnpdq1XkaeXJMTkiZ+OSC1MgNqZMGYSQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QMyxJXH</latexit>

estimation(i)
<latexit sha1_base64="SHlYrZW5jE5LwKed74+pw1RMsAE=">AAACAnicbVA9SwNBEN3zM8avqJ02i0GITbgLgtoFbCwjeCaQhLC3mSRL9vaO3TkxHAEb/4qNhYqtv8LOf+MmuUITHww83pthZl4QS2HQdb+dpeWV1bX13EZ+c2t7Z7ewt39nokRz8HkkI90ImAEpFPgoUEIj1sDCQEI9GF5N/Po9aCMidYujGNoh6yvRE5yhlTqFwxbCA6pIh0ymYFCEU2NcEqedQtEtu1PQReJlpEgy1DqFr1Y34kkICrlkxjQ9N8Z2yjQKLmGcbyUGYsaHrA9NSxULwbTT6Q9jemKVLu1F2pZCOlV/T6QsNGYUBrbTnjgw895E/M9rJti7aKdCxQmC4rNFvURSjOgkENoVGjjKkSWMa2FvpXzANONoY8vbELz5lxeJXylflr2bs2K1kqWRI0fkmJSIR85JlVyTGvEJJ4/kmbySN+fJeXHenY9Z65KTzRyQP3A+fwBAcJgM</latexit><latexit sha1_base64="SHlYrZW5jE5LwKed74+pw1RMsAE=">AAACAnicbVA9SwNBEN3zM8avqJ02i0GITbgLgtoFbCwjeCaQhLC3mSRL9vaO3TkxHAEb/4qNhYqtv8LOf+MmuUITHww83pthZl4QS2HQdb+dpeWV1bX13EZ+c2t7Z7ewt39nokRz8HkkI90ImAEpFPgoUEIj1sDCQEI9GF5N/Po9aCMidYujGNoh6yvRE5yhlTqFwxbCA6pIh0ymYFCEU2NcEqedQtEtu1PQReJlpEgy1DqFr1Y34kkICrlkxjQ9N8Z2yjQKLmGcbyUGYsaHrA9NSxULwbTT6Q9jemKVLu1F2pZCOlV/T6QsNGYUBrbTnjgw895E/M9rJti7aKdCxQmC4rNFvURSjOgkENoVGjjKkSWMa2FvpXzANONoY8vbELz5lxeJXylflr2bs2K1kqWRI0fkmJSIR85JlVyTGvEJJ4/kmbySN+fJeXHenY9Z65KTzRyQP3A+fwBAcJgM</latexit><latexit sha1_base64="SHlYrZW5jE5LwKed74+pw1RMsAE=">AAACAnicbVA9SwNBEN3zM8avqJ02i0GITbgLgtoFbCwjeCaQhLC3mSRL9vaO3TkxHAEb/4qNhYqtv8LOf+MmuUITHww83pthZl4QS2HQdb+dpeWV1bX13EZ+c2t7Z7ewt39nokRz8HkkI90ImAEpFPgoUEIj1sDCQEI9GF5N/Po9aCMidYujGNoh6yvRE5yhlTqFwxbCA6pIh0ymYFCEU2NcEqedQtEtu1PQReJlpEgy1DqFr1Y34kkICrlkxjQ9N8Z2yjQKLmGcbyUGYsaHrA9NSxULwbTT6Q9jemKVLu1F2pZCOlV/T6QsNGYUBrbTnjgw895E/M9rJti7aKdCxQmC4rNFvURSjOgkENoVGjjKkSWMa2FvpXzANONoY8vbELz5lxeJXylflr2bs2K1kqWRI0fkmJSIR85JlVyTGvEJJ4/kmbySN+fJeXHenY9Z65KTzRyQP3A+fwBAcJgM</latexit><latexit sha1_base64="SHlYrZW5jE5LwKed74+pw1RMsAE=">AAACAnicbVA9SwNBEN3zM8avqJ02i0GITbgLgtoFbCwjeCaQhLC3mSRL9vaO3TkxHAEb/4qNhYqtv8LOf+MmuUITHww83pthZl4QS2HQdb+dpeWV1bX13EZ+c2t7Z7ewt39nokRz8HkkI90ImAEpFPgoUEIj1sDCQEI9GF5N/Po9aCMidYujGNoh6yvRE5yhlTqFwxbCA6pIh0ymYFCEU2NcEqedQtEtu1PQReJlpEgy1DqFr1Y34kkICrlkxjQ9N8Z2yjQKLmGcbyUGYsaHrA9NSxULwbTT6Q9jemKVLu1F2pZCOlV/T6QsNGYUBrbTnjgw895E/M9rJti7aKdCxQmC4rNFvURSjOgkENoVGjjKkSWMa2FvpXzANONoY8vbELz5lxeJXylflr2bs2K1kqWRI0fkmJSIR85JlVyTGvEJJ4/kmbySN+fJeXHenY9Z65KTzRyQP3A+fwBAcJgM</latexit>

truth
<latexit sha1_base64="jRbcee690Hsb1MiEkyR6MSqFxhc=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyCp5IUQb0VvHisYGyhDWWz3bRLN7thdyItoX/FiwcVr/4Sb/4bt20O2vpg4PHeDDPzolRwA5737ZQ2Nre2d8q7lb39g8Mj97j6aFSmKQuoEkp3ImKY4JIFwEGwTqoZSSLB2tH4du63n5g2XMkHmKYsTMhQ8phTAlbqu9UesAlIpRMictAZjGZ9t+bVvQXwOvELUkMFWn33qzdQNEuYBCqIMV3fSyHMiQZOBZtVeplhKaFjMmRdSyVJmAnzxe0zfG6VAY6VtiUBL9TfEzlJjJkmke1MCIzMqjcX//O6GcTXYc5lmgGTdLkozgQGhedB4AHXjIKYWkKo5vZWTEdEEwo2rooNwV99eZ0EjfpN3b+/rDUbRRpldIrO0AXy0RVqojvUQgGiaIKe0St6c2bOi/PufCxbS04xc4L+wPn8AaXklPw=</latexit><latexit sha1_base64="jRbcee690Hsb1MiEkyR6MSqFxhc=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyCp5IUQb0VvHisYGyhDWWz3bRLN7thdyItoX/FiwcVr/4Sb/4bt20O2vpg4PHeDDPzolRwA5737ZQ2Nre2d8q7lb39g8Mj97j6aFSmKQuoEkp3ImKY4JIFwEGwTqoZSSLB2tH4du63n5g2XMkHmKYsTMhQ8phTAlbqu9UesAlIpRMictAZjGZ9t+bVvQXwOvELUkMFWn33qzdQNEuYBCqIMV3fSyHMiQZOBZtVeplhKaFjMmRdSyVJmAnzxe0zfG6VAY6VtiUBL9TfEzlJjJkmke1MCIzMqjcX//O6GcTXYc5lmgGTdLkozgQGhedB4AHXjIKYWkKo5vZWTEdEEwo2rooNwV99eZ0EjfpN3b+/rDUbRRpldIrO0AXy0RVqojvUQgGiaIKe0St6c2bOi/PufCxbS04xc4L+wPn8AaXklPw=</latexit><latexit sha1_base64="jRbcee690Hsb1MiEkyR6MSqFxhc=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyCp5IUQb0VvHisYGyhDWWz3bRLN7thdyItoX/FiwcVr/4Sb/4bt20O2vpg4PHeDDPzolRwA5737ZQ2Nre2d8q7lb39g8Mj97j6aFSmKQuoEkp3ImKY4JIFwEGwTqoZSSLB2tH4du63n5g2XMkHmKYsTMhQ8phTAlbqu9UesAlIpRMictAZjGZ9t+bVvQXwOvELUkMFWn33qzdQNEuYBCqIMV3fSyHMiQZOBZtVeplhKaFjMmRdSyVJmAnzxe0zfG6VAY6VtiUBL9TfEzlJjJkmke1MCIzMqjcX//O6GcTXYc5lmgGTdLkozgQGhedB4AHXjIKYWkKo5vZWTEdEEwo2rooNwV99eZ0EjfpN3b+/rDUbRRpldIrO0AXy0RVqojvUQgGiaIKe0St6c2bOi/PufCxbS04xc4L+wPn8AaXklPw=</latexit><latexit sha1_base64="jRbcee690Hsb1MiEkyR6MSqFxhc=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyCp5IUQb0VvHisYGyhDWWz3bRLN7thdyItoX/FiwcVr/4Sb/4bt20O2vpg4PHeDDPzolRwA5737ZQ2Nre2d8q7lb39g8Mj97j6aFSmKQuoEkp3ImKY4JIFwEGwTqoZSSLB2tH4du63n5g2XMkHmKYsTMhQ8phTAlbqu9UesAlIpRMictAZjGZ9t+bVvQXwOvELUkMFWn33qzdQNEuYBCqIMV3fSyHMiQZOBZtVeplhKaFjMmRdSyVJmAnzxe0zfG6VAY6VtiUBL9TfEzlJjJkmke1MCIzMqjcX//O6GcTXYc5lmgGTdLkozgQGhedB4AHXjIKYWkKo5vZWTEdEEwo2rooNwV99eZ0EjfpN3b+/rDUbRRpldIrO0AXy0RVqojvUQgGiaIKe0St6c2bOi/PufCxbS04xc4L+wPn8AaXklPw=</latexit>

A ‘proof’ of lower collective error

We haveN individuals making estimations: estimation(i) for i = 1, ..., N
<latexit sha1_base64="4avddolt9+lJZ6PHLutF6R0DQRI="></latexit><latexit sha1_base64="4avddolt9+lJZ6PHLutF6R0DQRI="></latexit><latexit sha1_base64="4avddolt9+lJZ6PHLutF6R0DQRI="></latexit><latexit sha1_base64="4avddolt9+lJZ6PHLutF6R0DQRI="></latexit>

The error each individual makes is

<latexit sha1_base64="6FdymA0AOT2zh3m7LwkjbY8UnWY=">AAACGHicbVA9TxtBEN1zIHEcEgyUaVZYSKmsOytSks5SGkojYbBkW9bc3hxeeT9Ou3MW1sl/I03+SpoUAaWl49+wNi7A8Kqn92Y0b15aKOkpju+j2pud3bfv6u8bH/Y+ftpvHhxeeFs6gX1hlXWDFDwqabBPkhQOCoegU4WX6eznyr+co/PSmnNaFDjWcGVkLgVQkCbNeER4TcY6Dao6nyJH56zjCGLKpcnkXGYlKK5hhp5Lv+STZitux2vwlyTZkBbboDdp3o0yK0qNhoQC74dJXNC4AkdSKFw2RqXHAsQMrnAYqAGNflytP1vyk6BkPA+JcmuIr9WnGxVo7xc6DZMaaOq3vZX4mjcsKf8+rqQpSkIjHg/lpeJk+aomnkmHgtQiEBBOhqxcTMGBoFBmI5SQbL/8kvQ77R/t5Oxrq9vZtFFnn9kx+8IS9o112SnrsT4T7Bf7w/6xm+h39De6jf4/jtaizc4Re4bo7gFXQqCj</latexit><latexit sha1_base64="6FdymA0AOT2zh3m7LwkjbY8UnWY=">AAACGHicbVA9TxtBEN1zIHEcEgyUaVZYSKmsOytSks5SGkojYbBkW9bc3hxeeT9Ou3MW1sl/I03+SpoUAaWl49+wNi7A8Kqn92Y0b15aKOkpju+j2pud3bfv6u8bH/Y+ftpvHhxeeFs6gX1hlXWDFDwqabBPkhQOCoegU4WX6eznyr+co/PSmnNaFDjWcGVkLgVQkCbNeER4TcY6Dao6nyJH56zjCGLKpcnkXGYlKK5hhp5Lv+STZitux2vwlyTZkBbboDdp3o0yK0qNhoQC74dJXNC4AkdSKFw2RqXHAsQMrnAYqAGNflytP1vyk6BkPA+JcmuIr9WnGxVo7xc6DZMaaOq3vZX4mjcsKf8+rqQpSkIjHg/lpeJk+aomnkmHgtQiEBBOhqxcTMGBoFBmI5SQbL/8kvQ77R/t5Oxrq9vZtFFnn9kx+8IS9o112SnrsT4T7Bf7w/6xm+h39De6jf4/jtaizc4Re4bo7gFXQqCj</latexit><latexit sha1_base64="6FdymA0AOT2zh3m7LwkjbY8UnWY=">AAACGHicbVA9TxtBEN1zIHEcEgyUaVZYSKmsOytSks5SGkojYbBkW9bc3hxeeT9Ou3MW1sl/I03+SpoUAaWl49+wNi7A8Kqn92Y0b15aKOkpju+j2pud3bfv6u8bH/Y+ftpvHhxeeFs6gX1hlXWDFDwqabBPkhQOCoegU4WX6eznyr+co/PSmnNaFDjWcGVkLgVQkCbNeER4TcY6Dao6nyJH56zjCGLKpcnkXGYlKK5hhp5Lv+STZitux2vwlyTZkBbboDdp3o0yK0qNhoQC74dJXNC4AkdSKFw2RqXHAsQMrnAYqAGNflytP1vyk6BkPA+JcmuIr9WnGxVo7xc6DZMaaOq3vZX4mjcsKf8+rqQpSkIjHg/lpeJk+aomnkmHgtQiEBBOhqxcTMGBoFBmI5SQbL/8kvQ77R/t5Oxrq9vZtFFnn9kx+8IS9o112SnrsT4T7Bf7w/6xm+h39De6jf4/jtaizc4Re4bo7gFXQqCj</latexit><latexit sha1_base64="6FdymA0AOT2zh3m7LwkjbY8UnWY=">AAACGHicbVA9TxtBEN1zIHEcEgyUaVZYSKmsOytSks5SGkojYbBkW9bc3hxeeT9Ou3MW1sl/I03+SpoUAaWl49+wNi7A8Kqn92Y0b15aKOkpju+j2pud3bfv6u8bH/Y+ftpvHhxeeFs6gX1hlXWDFDwqabBPkhQOCoegU4WX6eznyr+co/PSmnNaFDjWcGVkLgVQkCbNeER4TcY6Dao6nyJH56zjCGLKpcnkXGYlKK5hhp5Lv+STZitux2vwlyTZkBbboDdp3o0yK0qNhoQC74dJXNC4AkdSKFw2RqXHAsQMrnAYqAGNflytP1vyk6BkPA+JcmuIr9WnGxVo7xc6DZMaaOq3vZX4mjcsKf8+rqQpSkIjHg/lpeJk+aomnkmHgtQiEBBOhqxcTMGBoFBmI5SQbL/8kvQ77R/t5Oxrq9vZtFFnn9kx+8IS9o112SnrsT4T7Bf7w/6xm+h39De6jf4/jtaizc4Re4bo7gFXQqCj</latexit>

The error each an individual makes is on average

<latexit sha1_base64="TSxEGta/4OyIfkkEfUzMxzg0aL4="></latexit><latexit sha1_base64="TSxEGta/4OyIfkkEfUzMxzg0aL4="></latexit><latexit sha1_base64="TSxEGta/4OyIfkkEfUzMxzg0aL4="></latexit><latexit sha1_base64="TSxEGta/4OyIfkkEfUzMxzg0aL4="></latexit>

The collective estimation is simply the average estimation

<latexit sha1_base64="MvnS6Z9pMESk8yJ+ETMYzQRoAMw=">AAACMHicbVC7SgNBFJ31GeMramkzGASrsCuC2gVsUkZITCBZwuzsjRmcmV1m7gbDkl+y8U/EJoWKrV/h5FFo9MKFw7nnvk6USmHR9yfeyura+sZmYau4vbO7t186OLyzSWY4NHkiE9OOmAUpNDRRoIR2aoCpSEIreriZ1ltDMFYkuoGjFELF7rXoC87QUb1SrYvwiDoxism8MQDqRkrgKIZAwaJQMx0VllqhUjmi6DTMTWT3PwVj2iuV/Yo/C/oXBAtQJouo90ov3TjhmQKNXDJrO4GfYpgzg4JLGBe7mYWU8Qe3qOOgZgpsmM8+HtNTx8S0nxiXGumM/dmRM2XtSEVO6Q4c2OXalPyv1smwfxXmQqcZgubzRf1MUkzo1D4aC+PccT7EgnEj3K2UD5hhHJ3JRWdCsPzyX9A8r1xXgtuLcvV84UaBHJMTckYCckmqpEbqpEk4eSKv5I28e8/exPvwPufSFW/Rc0R+hff1DaqEqzw=</latexit><latexit sha1_base64="MvnS6Z9pMESk8yJ+ETMYzQRoAMw=">AAACMHicbVC7SgNBFJ31GeMramkzGASrsCuC2gVsUkZITCBZwuzsjRmcmV1m7gbDkl+y8U/EJoWKrV/h5FFo9MKFw7nnvk6USmHR9yfeyura+sZmYau4vbO7t186OLyzSWY4NHkiE9OOmAUpNDRRoIR2aoCpSEIreriZ1ltDMFYkuoGjFELF7rXoC87QUb1SrYvwiDoxism8MQDqRkrgKIZAwaJQMx0VllqhUjmi6DTMTWT3PwVj2iuV/Yo/C/oXBAtQJouo90ov3TjhmQKNXDJrO4GfYpgzg4JLGBe7mYWU8Qe3qOOgZgpsmM8+HtNTx8S0nxiXGumM/dmRM2XtSEVO6Q4c2OXalPyv1smwfxXmQqcZgubzRf1MUkzo1D4aC+PccT7EgnEj3K2UD5hhHJ3JRWdCsPzyX9A8r1xXgtuLcvV84UaBHJMTckYCckmqpEbqpEk4eSKv5I28e8/exPvwPufSFW/Rc0R+hff1DaqEqzw=</latexit><latexit sha1_base64="MvnS6Z9pMESk8yJ+ETMYzQRoAMw=">AAACMHicbVC7SgNBFJ31GeMramkzGASrsCuC2gVsUkZITCBZwuzsjRmcmV1m7gbDkl+y8U/EJoWKrV/h5FFo9MKFw7nnvk6USmHR9yfeyura+sZmYau4vbO7t186OLyzSWY4NHkiE9OOmAUpNDRRoIR2aoCpSEIreriZ1ltDMFYkuoGjFELF7rXoC87QUb1SrYvwiDoxism8MQDqRkrgKIZAwaJQMx0VllqhUjmi6DTMTWT3PwVj2iuV/Yo/C/oXBAtQJouo90ov3TjhmQKNXDJrO4GfYpgzg4JLGBe7mYWU8Qe3qOOgZgpsmM8+HtNTx8S0nxiXGumM/dmRM2XtSEVO6Q4c2OXalPyv1smwfxXmQqcZgubzRf1MUkzo1D4aC+PccT7EgnEj3K2UD5hhHJ3JRWdCsPzyX9A8r1xXgtuLcvV84UaBHJMTckYCckmqpEbqpEk4eSKv5I28e8/exPvwPufSFW/Rc0R+hff1DaqEqzw=</latexit><latexit sha1_base64="MvnS6Z9pMESk8yJ+ETMYzQRoAMw=">AAACMHicbVC7SgNBFJ31GeMramkzGASrsCuC2gVsUkZITCBZwuzsjRmcmV1m7gbDkl+y8U/EJoWKrV/h5FFo9MKFw7nnvk6USmHR9yfeyura+sZmYau4vbO7t186OLyzSWY4NHkiE9OOmAUpNDRRoIR2aoCpSEIreriZ1ltDMFYkuoGjFELF7rXoC87QUb1SrYvwiDoxism8MQDqRkrgKIZAwaJQMx0VllqhUjmi6DTMTWT3PwVj2iuV/Yo/C/oXBAtQJouo90ov3TjhmQKNXDJrO4GfYpgzg4JLGBe7mYWU8Qe3qOOgZgpsmM8+HtNTx8S0nxiXGumM/dmRM2XtSEVO6Q4c2OXalPyv1smwfxXmQqcZgubzRf1MUkzo1D4aC+PccT7EgnEj3K2UD5hhHJ3JRWdCsPzyX9A8r1xXgtuLcvV84UaBHJMTckYCckmqpEbqpEk4eSKv5I28e8/exPvwPufSFW/Rc0R+hff1DaqEqzw=</latexit>



error(i) = (estimation(i)� truth)

2
<latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="R+zxlWnJKzGK4vEsJofl4suBIM0="></latexit><latexit sha1_base64="R+zxlWnJKzGK4vEsJofl4suBIM0="></latexit><latexit sha1_base64="dB408NO2Sko90vTqJKVB6NZetMI="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit><latexit sha1_base64="w2X7fvbqqjIbc8pmInv8/puWh/A="></latexit>

error(i) =
1

N

NX

i=1

(estimation(i)� truth)

2

<latexit sha1_base64="PuQ4OJX/EONBpwESGdb6W5xlKJg="></latexit><latexit sha1_base64="PuQ4OJX/EONBpwESGdb6W5xlKJg="></latexit><latexit sha1_base64="PuQ4OJX/EONBpwESGdb6W5xlKJg="></latexit><latexit sha1_base64="PuQ4OJX/EONBpwESGdb6W5xlKJg="></latexit>

collective estimation =

1

N

NX

i=1

estimation(i)
<latexit sha1_base64="KJPplmRQBmsg3A0Auv3I4pg05iA="></latexit><latexit sha1_base64="KJPplmRQBmsg3A0Auv3I4pg05iA="></latexit><latexit sha1_base64="KJPplmRQBmsg3A0Auv3I4pg05iA="></latexit><latexit sha1_base64="KJPplmRQBmsg3A0Auv3I4pg05iA="></latexit>

collective error = (collective estimation� truth)

2
<latexit sha1_base64="4Qqoi09gYPCww8AIHPjy1+bSXlU="></latexit><latexit sha1_base64="4Qqoi09gYPCww8AIHPjy1+bSXlU="></latexit><latexit sha1_base64="4Qqoi09gYPCww8AIHPjy1+bSXlU="></latexit><latexit sha1_base64="4Qqoi09gYPCww8AIHPjy1+bSXlU="></latexit>

collective error  error(i)
<latexit sha1_base64="vEABxm9TSDP5Vc8lEQRWuj/4Uj0=">AAACK3icbVBNSwMxEM3Wr1q/qh69BIugl7JbBPUmePFYwarQLSWbTm1oNlmT2WJZ+oO8+FcE8aDi1f9htu1BWx8EHm/ezGRelEhh0fc/vMLC4tLySnG1tLa+sblV3t65sTo1HBpcS23uImZBCgUNFCjhLjHA4kjCbdS/yOu3AzBWaHWNwwRaMbtXois4Qye1yxchwiMqbWImMzdOAkcxAArGaDOioYQHGmo3IV+Q/TZPHIfiaNQuV/yqPwadJ8GUVMgU9Xb5NexonsagkEtmbTPwE2xlzKDgEkalMLWQMN5n99B0VLEYbCsbHzuiB07p0K427imkY/V3R8Zia4dx5Jwxw56dreXif7Vmit3TViZUkiIoPlnUTSVFTfPkaEcYF44cOsK4Ee6vlPeYYRxdviUXQjB78jxp1Kpn1eDquHJem6ZRJHtknxySgJyQc3JJ6qRBOHkiL+SdfHjP3pv36X1NrAVv2rNL/sD7/gFSzKo/</latexit><latexit sha1_base64="vEABxm9TSDP5Vc8lEQRWuj/4Uj0=">AAACK3icbVBNSwMxEM3Wr1q/qh69BIugl7JbBPUmePFYwarQLSWbTm1oNlmT2WJZ+oO8+FcE8aDi1f9htu1BWx8EHm/ezGRelEhh0fc/vMLC4tLySnG1tLa+sblV3t65sTo1HBpcS23uImZBCgUNFCjhLjHA4kjCbdS/yOu3AzBWaHWNwwRaMbtXois4Qye1yxchwiMqbWImMzdOAkcxAArGaDOioYQHGmo3IV+Q/TZPHIfiaNQuV/yqPwadJ8GUVMgU9Xb5NexonsagkEtmbTPwE2xlzKDgEkalMLWQMN5n99B0VLEYbCsbHzuiB07p0K427imkY/V3R8Zia4dx5Jwxw56dreXif7Vmit3TViZUkiIoPlnUTSVFTfPkaEcYF44cOsK4Ee6vlPeYYRxdviUXQjB78jxp1Kpn1eDquHJem6ZRJHtknxySgJyQc3JJ6qRBOHkiL+SdfHjP3pv36X1NrAVv2rNL/sD7/gFSzKo/</latexit><latexit sha1_base64="vEABxm9TSDP5Vc8lEQRWuj/4Uj0=">AAACK3icbVBNSwMxEM3Wr1q/qh69BIugl7JbBPUmePFYwarQLSWbTm1oNlmT2WJZ+oO8+FcE8aDi1f9htu1BWx8EHm/ezGRelEhh0fc/vMLC4tLySnG1tLa+sblV3t65sTo1HBpcS23uImZBCgUNFCjhLjHA4kjCbdS/yOu3AzBWaHWNwwRaMbtXois4Qye1yxchwiMqbWImMzdOAkcxAArGaDOioYQHGmo3IV+Q/TZPHIfiaNQuV/yqPwadJ8GUVMgU9Xb5NexonsagkEtmbTPwE2xlzKDgEkalMLWQMN5n99B0VLEYbCsbHzuiB07p0K427imkY/V3R8Zia4dx5Jwxw56dreXif7Vmit3TViZUkiIoPlnUTSVFTfPkaEcYF44cOsK4Ee6vlPeYYRxdviUXQjB78jxp1Kpn1eDquHJem6ZRJHtknxySgJyQc3JJ6qRBOHkiL+SdfHjP3pv36X1NrAVv2rNL/sD7/gFSzKo/</latexit><latexit sha1_base64="vEABxm9TSDP5Vc8lEQRWuj/4Uj0=">AAACK3icbVBNSwMxEM3Wr1q/qh69BIugl7JbBPUmePFYwarQLSWbTm1oNlmT2WJZ+oO8+FcE8aDi1f9htu1BWx8EHm/ezGRelEhh0fc/vMLC4tLySnG1tLa+sblV3t65sTo1HBpcS23uImZBCgUNFCjhLjHA4kjCbdS/yOu3AzBWaHWNwwRaMbtXois4Qye1yxchwiMqbWImMzdOAkcxAArGaDOioYQHGmo3IV+Q/TZPHIfiaNQuV/yqPwadJ8GUVMgU9Xb5NexonsagkEtmbTPwE2xlzKDgEkalMLWQMN5n99B0VLEYbCsbHzuiB07p0K427imkY/V3R8Zia4dx5Jwxw56dreXif7Vmit3TViZUkiIoPlnUTSVFTfPkaEcYF44cOsK4Ee6vlPeYYRxdviUXQjB78jxp1Kpn1eDquHJem6ZRJHtknxySgJyQc3JJ6qRBOHkiL+SdfHjP3pv36X1NrAVv2rNL/sD7/gFSzKo/</latexit>

error(i)
<latexit sha1_base64="xqNQXCNP7GknJFPxBXicU4s+W5M=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTEI8RJ2g6DeAl48RjAmkCxhdtKbDJmdWWZ6xbAE/BUvHlS8+h/e/Bsnj4MmFjQUVd10d4WJ4AY979vJrayurW/kNwtb2zu7e8X9g3ujUs2gwZRQuhVSA4JLaCBHAa1EA41DAc1weD3xmw+gDVfyDkcJBDHtSx5xRtFK3eJRB+ERpdIxFRlorfS4zM+6xZJX8aZwl4k/JyUyR71b/Or0FEtjkMgENabtewkGGdXImYBxoZMaSCgb0j60LZU0BhNk0/PH7qlVem6ktC2J7lT9PZHR2JhRHNrOmOLALHoT8T+vnWJ0GWRcJimCZLNFUSpcVO4kC7fHNTAUI0so09ze6rIB1ZShTaxgQ/AXX14mjWrlquLfnpdq1XkaeXJMTkiZ+OSC1MgNqZMGYSQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QMyxJXH</latexit><latexit sha1_base64="xqNQXCNP7GknJFPxBXicU4s+W5M=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTEI8RJ2g6DeAl48RjAmkCxhdtKbDJmdWWZ6xbAE/BUvHlS8+h/e/Bsnj4MmFjQUVd10d4WJ4AY979vJrayurW/kNwtb2zu7e8X9g3ujUs2gwZRQuhVSA4JLaCBHAa1EA41DAc1weD3xmw+gDVfyDkcJBDHtSx5xRtFK3eJRB+ERpdIxFRlorfS4zM+6xZJX8aZwl4k/JyUyR71b/Or0FEtjkMgENabtewkGGdXImYBxoZMaSCgb0j60LZU0BhNk0/PH7qlVem6ktC2J7lT9PZHR2JhRHNrOmOLALHoT8T+vnWJ0GWRcJimCZLNFUSpcVO4kC7fHNTAUI0so09ze6rIB1ZShTaxgQ/AXX14mjWrlquLfnpdq1XkaeXJMTkiZ+OSC1MgNqZMGYSQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QMyxJXH</latexit><latexit sha1_base64="xqNQXCNP7GknJFPxBXicU4s+W5M=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTEI8RJ2g6DeAl48RjAmkCxhdtKbDJmdWWZ6xbAE/BUvHlS8+h/e/Bsnj4MmFjQUVd10d4WJ4AY979vJrayurW/kNwtb2zu7e8X9g3ujUs2gwZRQuhVSA4JLaCBHAa1EA41DAc1weD3xmw+gDVfyDkcJBDHtSx5xRtFK3eJRB+ERpdIxFRlorfS4zM+6xZJX8aZwl4k/JyUyR71b/Or0FEtjkMgENabtewkGGdXImYBxoZMaSCgb0j60LZU0BhNk0/PH7qlVem6ktC2J7lT9PZHR2JhRHNrOmOLALHoT8T+vnWJ0GWRcJimCZLNFUSpcVO4kC7fHNTAUI0so09ze6rIB1ZShTaxgQ/AXX14mjWrlquLfnpdq1XkaeXJMTkiZ+OSC1MgNqZMGYSQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QMyxJXH</latexit><latexit sha1_base64="xqNQXCNP7GknJFPxBXicU4s+W5M=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTEI8RJ2g6DeAl48RjAmkCxhdtKbDJmdWWZ6xbAE/BUvHlS8+h/e/Bsnj4MmFjQUVd10d4WJ4AY979vJrayurW/kNwtb2zu7e8X9g3ujUs2gwZRQuhVSA4JLaCBHAa1EA41DAc1weD3xmw+gDVfyDkcJBDHtSx5xRtFK3eJRB+ERpdIxFRlorfS4zM+6xZJX8aZwl4k/JyUyR71b/Or0FEtjkMgENabtewkGGdXImYBxoZMaSCgb0j60LZU0BhNk0/PH7qlVem6ktC2J7lT9PZHR2JhRHNrOmOLALHoT8T+vnWJ0GWRcJimCZLNFUSpcVO4kC7fHNTAUI0so09ze6rIB1ZShTaxgQ/AXX14mjWrlquLfnpdq1XkaeXJMTkiZ+OSC1MgNqZMGYSQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QMyxJXH</latexit>

estimation(i)
<latexit sha1_base64="SHlYrZW5jE5LwKed74+pw1RMsAE=">AAACAnicbVA9SwNBEN3zM8avqJ02i0GITbgLgtoFbCwjeCaQhLC3mSRL9vaO3TkxHAEb/4qNhYqtv8LOf+MmuUITHww83pthZl4QS2HQdb+dpeWV1bX13EZ+c2t7Z7ewt39nokRz8HkkI90ImAEpFPgoUEIj1sDCQEI9GF5N/Po9aCMidYujGNoh6yvRE5yhlTqFwxbCA6pIh0ymYFCEU2NcEqedQtEtu1PQReJlpEgy1DqFr1Y34kkICrlkxjQ9N8Z2yjQKLmGcbyUGYsaHrA9NSxULwbTT6Q9jemKVLu1F2pZCOlV/T6QsNGYUBrbTnjgw895E/M9rJti7aKdCxQmC4rNFvURSjOgkENoVGjjKkSWMa2FvpXzANONoY8vbELz5lxeJXylflr2bs2K1kqWRI0fkmJSIR85JlVyTGvEJJ4/kmbySN+fJeXHenY9Z65KTzRyQP3A+fwBAcJgM</latexit><latexit sha1_base64="SHlYrZW5jE5LwKed74+pw1RMsAE=">AAACAnicbVA9SwNBEN3zM8avqJ02i0GITbgLgtoFbCwjeCaQhLC3mSRL9vaO3TkxHAEb/4qNhYqtv8LOf+MmuUITHww83pthZl4QS2HQdb+dpeWV1bX13EZ+c2t7Z7ewt39nokRz8HkkI90ImAEpFPgoUEIj1sDCQEI9GF5N/Po9aCMidYujGNoh6yvRE5yhlTqFwxbCA6pIh0ymYFCEU2NcEqedQtEtu1PQReJlpEgy1DqFr1Y34kkICrlkxjQ9N8Z2yjQKLmGcbyUGYsaHrA9NSxULwbTT6Q9jemKVLu1F2pZCOlV/T6QsNGYUBrbTnjgw895E/M9rJti7aKdCxQmC4rNFvURSjOgkENoVGjjKkSWMa2FvpXzANONoY8vbELz5lxeJXylflr2bs2K1kqWRI0fkmJSIR85JlVyTGvEJJ4/kmbySN+fJeXHenY9Z65KTzRyQP3A+fwBAcJgM</latexit><latexit sha1_base64="SHlYrZW5jE5LwKed74+pw1RMsAE=">AAACAnicbVA9SwNBEN3zM8avqJ02i0GITbgLgtoFbCwjeCaQhLC3mSRL9vaO3TkxHAEb/4qNhYqtv8LOf+MmuUITHww83pthZl4QS2HQdb+dpeWV1bX13EZ+c2t7Z7ewt39nokRz8HkkI90ImAEpFPgoUEIj1sDCQEI9GF5N/Po9aCMidYujGNoh6yvRE5yhlTqFwxbCA6pIh0ymYFCEU2NcEqedQtEtu1PQReJlpEgy1DqFr1Y34kkICrlkxjQ9N8Z2yjQKLmGcbyUGYsaHrA9NSxULwbTT6Q9jemKVLu1F2pZCOlV/T6QsNGYUBrbTnjgw895E/M9rJti7aKdCxQmC4rNFvURSjOgkENoVGjjKkSWMa2FvpXzANONoY8vbELz5lxeJXylflr2bs2K1kqWRI0fkmJSIR85JlVyTGvEJJ4/kmbySN+fJeXHenY9Z65KTzRyQP3A+fwBAcJgM</latexit><latexit sha1_base64="SHlYrZW5jE5LwKed74+pw1RMsAE=">AAACAnicbVA9SwNBEN3zM8avqJ02i0GITbgLgtoFbCwjeCaQhLC3mSRL9vaO3TkxHAEb/4qNhYqtv8LOf+MmuUITHww83pthZl4QS2HQdb+dpeWV1bX13EZ+c2t7Z7ewt39nokRz8HkkI90ImAEpFPgoUEIj1sDCQEI9GF5N/Po9aCMidYujGNoh6yvRE5yhlTqFwxbCA6pIh0ymYFCEU2NcEqedQtEtu1PQReJlpEgy1DqFr1Y34kkICrlkxjQ9N8Z2yjQKLmGcbyUGYsaHrA9NSxULwbTT6Q9jemKVLu1F2pZCOlV/T6QsNGYUBrbTnjgw895E/M9rJti7aKdCxQmC4rNFvURSjOgkENoVGjjKkSWMa2FvpXzANONoY8vbELz5lxeJXylflr2bs2K1kqWRI0fkmJSIR85JlVyTGvEJJ4/kmbySN+fJeXHenY9Z65KTzRyQP3A+fwBAcJgM</latexit>

truth
<latexit sha1_base64="jRbcee690Hsb1MiEkyR6MSqFxhc=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyCp5IUQb0VvHisYGyhDWWz3bRLN7thdyItoX/FiwcVr/4Sb/4bt20O2vpg4PHeDDPzolRwA5737ZQ2Nre2d8q7lb39g8Mj97j6aFSmKQuoEkp3ImKY4JIFwEGwTqoZSSLB2tH4du63n5g2XMkHmKYsTMhQ8phTAlbqu9UesAlIpRMictAZjGZ9t+bVvQXwOvELUkMFWn33qzdQNEuYBCqIMV3fSyHMiQZOBZtVeplhKaFjMmRdSyVJmAnzxe0zfG6VAY6VtiUBL9TfEzlJjJkmke1MCIzMqjcX//O6GcTXYc5lmgGTdLkozgQGhedB4AHXjIKYWkKo5vZWTEdEEwo2rooNwV99eZ0EjfpN3b+/rDUbRRpldIrO0AXy0RVqojvUQgGiaIKe0St6c2bOi/PufCxbS04xc4L+wPn8AaXklPw=</latexit><latexit sha1_base64="jRbcee690Hsb1MiEkyR6MSqFxhc=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyCp5IUQb0VvHisYGyhDWWz3bRLN7thdyItoX/FiwcVr/4Sb/4bt20O2vpg4PHeDDPzolRwA5737ZQ2Nre2d8q7lb39g8Mj97j6aFSmKQuoEkp3ImKY4JIFwEGwTqoZSSLB2tH4du63n5g2XMkHmKYsTMhQ8phTAlbqu9UesAlIpRMictAZjGZ9t+bVvQXwOvELUkMFWn33qzdQNEuYBCqIMV3fSyHMiQZOBZtVeplhKaFjMmRdSyVJmAnzxe0zfG6VAY6VtiUBL9TfEzlJjJkmke1MCIzMqjcX//O6GcTXYc5lmgGTdLkozgQGhedB4AHXjIKYWkKo5vZWTEdEEwo2rooNwV99eZ0EjfpN3b+/rDUbRRpldIrO0AXy0RVqojvUQgGiaIKe0St6c2bOi/PufCxbS04xc4L+wPn8AaXklPw=</latexit><latexit sha1_base64="jRbcee690Hsb1MiEkyR6MSqFxhc=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyCp5IUQb0VvHisYGyhDWWz3bRLN7thdyItoX/FiwcVr/4Sb/4bt20O2vpg4PHeDDPzolRwA5737ZQ2Nre2d8q7lb39g8Mj97j6aFSmKQuoEkp3ImKY4JIFwEGwTqoZSSLB2tH4du63n5g2XMkHmKYsTMhQ8phTAlbqu9UesAlIpRMictAZjGZ9t+bVvQXwOvELUkMFWn33qzdQNEuYBCqIMV3fSyHMiQZOBZtVeplhKaFjMmRdSyVJmAnzxe0zfG6VAY6VtiUBL9TfEzlJjJkmke1MCIzMqjcX//O6GcTXYc5lmgGTdLkozgQGhedB4AHXjIKYWkKo5vZWTEdEEwo2rooNwV99eZ0EjfpN3b+/rDUbRRpldIrO0AXy0RVqojvUQgGiaIKe0St6c2bOi/PufCxbS04xc4L+wPn8AaXklPw=</latexit><latexit sha1_base64="jRbcee690Hsb1MiEkyR6MSqFxhc=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyCp5IUQb0VvHisYGyhDWWz3bRLN7thdyItoX/FiwcVr/4Sb/4bt20O2vpg4PHeDDPzolRwA5737ZQ2Nre2d8q7lb39g8Mj97j6aFSmKQuoEkp3ImKY4JIFwEGwTqoZSSLB2tH4du63n5g2XMkHmKYsTMhQ8phTAlbqu9UesAlIpRMictAZjGZ9t+bVvQXwOvELUkMFWn33qzdQNEuYBCqIMV3fSyHMiQZOBZtVeplhKaFjMmRdSyVJmAnzxe0zfG6VAY6VtiUBL9TfEzlJjJkmke1MCIzMqjcX//O6GcTXYc5lmgGTdLkozgQGhedB4AHXjIKYWkKo5vZWTEdEEwo2rooNwV99eZ0EjfpN3b+/rDUbRRpldIrO0AXy0RVqojvUQgGiaIKe0St6c2bOi/PufCxbS04xc4L+wPn8AaXklPw=</latexit>

A ‘proof’ of lower collective error

We haveN individuals making estimations: estimation(i) for i = 1, ..., N
<latexit sha1_base64="4avddolt9+lJZ6PHLutF6R0DQRI="></latexit><latexit sha1_base64="4avddolt9+lJZ6PHLutF6R0DQRI="></latexit><latexit sha1_base64="4avddolt9+lJZ6PHLutF6R0DQRI="></latexit><latexit sha1_base64="4avddolt9+lJZ6PHLutF6R0DQRI="></latexit>

The error each individual makes is

<latexit sha1_base64="6FdymA0AOT2zh3m7LwkjbY8UnWY=">AAACGHicbVA9TxtBEN1zIHEcEgyUaVZYSKmsOytSks5SGkojYbBkW9bc3hxeeT9Ou3MW1sl/I03+SpoUAaWl49+wNi7A8Kqn92Y0b15aKOkpju+j2pud3bfv6u8bH/Y+ftpvHhxeeFs6gX1hlXWDFDwqabBPkhQOCoegU4WX6eznyr+co/PSmnNaFDjWcGVkLgVQkCbNeER4TcY6Dao6nyJH56zjCGLKpcnkXGYlKK5hhp5Lv+STZitux2vwlyTZkBbboDdp3o0yK0qNhoQC74dJXNC4AkdSKFw2RqXHAsQMrnAYqAGNflytP1vyk6BkPA+JcmuIr9WnGxVo7xc6DZMaaOq3vZX4mjcsKf8+rqQpSkIjHg/lpeJk+aomnkmHgtQiEBBOhqxcTMGBoFBmI5SQbL/8kvQ77R/t5Oxrq9vZtFFnn9kx+8IS9o112SnrsT4T7Bf7w/6xm+h39De6jf4/jtaizc4Re4bo7gFXQqCj</latexit><latexit sha1_base64="6FdymA0AOT2zh3m7LwkjbY8UnWY=">AAACGHicbVA9TxtBEN1zIHEcEgyUaVZYSKmsOytSks5SGkojYbBkW9bc3hxeeT9Ou3MW1sl/I03+SpoUAaWl49+wNi7A8Kqn92Y0b15aKOkpju+j2pud3bfv6u8bH/Y+ftpvHhxeeFs6gX1hlXWDFDwqabBPkhQOCoegU4WX6eznyr+co/PSmnNaFDjWcGVkLgVQkCbNeER4TcY6Dao6nyJH56zjCGLKpcnkXGYlKK5hhp5Lv+STZitux2vwlyTZkBbboDdp3o0yK0qNhoQC74dJXNC4AkdSKFw2RqXHAsQMrnAYqAGNflytP1vyk6BkPA+JcmuIr9WnGxVo7xc6DZMaaOq3vZX4mjcsKf8+rqQpSkIjHg/lpeJk+aomnkmHgtQiEBBOhqxcTMGBoFBmI5SQbL/8kvQ77R/t5Oxrq9vZtFFnn9kx+8IS9o112SnrsT4T7Bf7w/6xm+h39De6jf4/jtaizc4Re4bo7gFXQqCj</latexit><latexit sha1_base64="6FdymA0AOT2zh3m7LwkjbY8UnWY=">AAACGHicbVA9TxtBEN1zIHEcEgyUaVZYSKmsOytSks5SGkojYbBkW9bc3hxeeT9Ou3MW1sl/I03+SpoUAaWl49+wNi7A8Kqn92Y0b15aKOkpju+j2pud3bfv6u8bH/Y+ftpvHhxeeFs6gX1hlXWDFDwqabBPkhQOCoegU4WX6eznyr+co/PSmnNaFDjWcGVkLgVQkCbNeER4TcY6Dao6nyJH56zjCGLKpcnkXGYlKK5hhp5Lv+STZitux2vwlyTZkBbboDdp3o0yK0qNhoQC74dJXNC4AkdSKFw2RqXHAsQMrnAYqAGNflytP1vyk6BkPA+JcmuIr9WnGxVo7xc6DZMaaOq3vZX4mjcsKf8+rqQpSkIjHg/lpeJk+aomnkmHgtQiEBBOhqxcTMGBoFBmI5SQbL/8kvQ77R/t5Oxrq9vZtFFnn9kx+8IS9o112SnrsT4T7Bf7w/6xm+h39De6jf4/jtaizc4Re4bo7gFXQqCj</latexit><latexit sha1_base64="6FdymA0AOT2zh3m7LwkjbY8UnWY=">AAACGHicbVA9TxtBEN1zIHEcEgyUaVZYSKmsOytSks5SGkojYbBkW9bc3hxeeT9Ou3MW1sl/I03+SpoUAaWl49+wNi7A8Kqn92Y0b15aKOkpju+j2pud3bfv6u8bH/Y+ftpvHhxeeFs6gX1hlXWDFDwqabBPkhQOCoegU4WX6eznyr+co/PSmnNaFDjWcGVkLgVQkCbNeER4TcY6Dao6nyJH56zjCGLKpcnkXGYlKK5hhp5Lv+STZitux2vwlyTZkBbboDdp3o0yK0qNhoQC74dJXNC4AkdSKFw2RqXHAsQMrnAYqAGNflytP1vyk6BkPA+JcmuIr9WnGxVo7xc6DZMaaOq3vZX4mjcsKf8+rqQpSkIjHg/lpeJk+aomnkmHgtQiEBBOhqxcTMGBoFBmI5SQbL/8kvQ77R/t5Oxrq9vZtFFnn9kx+8IS9o112SnrsT4T7Bf7w/6xm+h39De6jf4/jtaizc4Re4bo7gFXQqCj</latexit>

The error each an individual makes is on average

<latexit sha1_base64="TSxEGta/4OyIfkkEfUzMxzg0aL4="></latexit><latexit sha1_base64="TSxEGta/4OyIfkkEfUzMxzg0aL4="></latexit><latexit sha1_base64="TSxEGta/4OyIfkkEfUzMxzg0aL4="></latexit><latexit sha1_base64="TSxEGta/4OyIfkkEfUzMxzg0aL4="></latexit>

The collective estimation is simply the average estimation

<latexit sha1_base64="MvnS6Z9pMESk8yJ+ETMYzQRoAMw=">AAACMHicbVC7SgNBFJ31GeMramkzGASrsCuC2gVsUkZITCBZwuzsjRmcmV1m7gbDkl+y8U/EJoWKrV/h5FFo9MKFw7nnvk6USmHR9yfeyura+sZmYau4vbO7t186OLyzSWY4NHkiE9OOmAUpNDRRoIR2aoCpSEIreriZ1ltDMFYkuoGjFELF7rXoC87QUb1SrYvwiDoxism8MQDqRkrgKIZAwaJQMx0VllqhUjmi6DTMTWT3PwVj2iuV/Yo/C/oXBAtQJouo90ov3TjhmQKNXDJrO4GfYpgzg4JLGBe7mYWU8Qe3qOOgZgpsmM8+HtNTx8S0nxiXGumM/dmRM2XtSEVO6Q4c2OXalPyv1smwfxXmQqcZgubzRf1MUkzo1D4aC+PccT7EgnEj3K2UD5hhHJ3JRWdCsPzyX9A8r1xXgtuLcvV84UaBHJMTckYCckmqpEbqpEk4eSKv5I28e8/exPvwPufSFW/Rc0R+hff1DaqEqzw=</latexit><latexit sha1_base64="MvnS6Z9pMESk8yJ+ETMYzQRoAMw=">AAACMHicbVC7SgNBFJ31GeMramkzGASrsCuC2gVsUkZITCBZwuzsjRmcmV1m7gbDkl+y8U/EJoWKrV/h5FFo9MKFw7nnvk6USmHR9yfeyura+sZmYau4vbO7t186OLyzSWY4NHkiE9OOmAUpNDRRoIR2aoCpSEIreriZ1ltDMFYkuoGjFELF7rXoC87QUb1SrYvwiDoxism8MQDqRkrgKIZAwaJQMx0VllqhUjmi6DTMTWT3PwVj2iuV/Yo/C/oXBAtQJouo90ov3TjhmQKNXDJrO4GfYpgzg4JLGBe7mYWU8Qe3qOOgZgpsmM8+HtNTx8S0nxiXGumM/dmRM2XtSEVO6Q4c2OXalPyv1smwfxXmQqcZgubzRf1MUkzo1D4aC+PccT7EgnEj3K2UD5hhHJ3JRWdCsPzyX9A8r1xXgtuLcvV84UaBHJMTckYCckmqpEbqpEk4eSKv5I28e8/exPvwPufSFW/Rc0R+hff1DaqEqzw=</latexit><latexit sha1_base64="MvnS6Z9pMESk8yJ+ETMYzQRoAMw=">AAACMHicbVC7SgNBFJ31GeMramkzGASrsCuC2gVsUkZITCBZwuzsjRmcmV1m7gbDkl+y8U/EJoWKrV/h5FFo9MKFw7nnvk6USmHR9yfeyura+sZmYau4vbO7t186OLyzSWY4NHkiE9OOmAUpNDRRoIR2aoCpSEIreriZ1ltDMFYkuoGjFELF7rXoC87QUb1SrYvwiDoxism8MQDqRkrgKIZAwaJQMx0VllqhUjmi6DTMTWT3PwVj2iuV/Yo/C/oXBAtQJouo90ov3TjhmQKNXDJrO4GfYpgzg4JLGBe7mYWU8Qe3qOOgZgpsmM8+HtNTx8S0nxiXGumM/dmRM2XtSEVO6Q4c2OXalPyv1smwfxXmQqcZgubzRf1MUkzo1D4aC+PccT7EgnEj3K2UD5hhHJ3JRWdCsPzyX9A8r1xXgtuLcvV84UaBHJMTckYCckmqpEbqpEk4eSKv5I28e8/exPvwPufSFW/Rc0R+hff1DaqEqzw=</latexit><latexit sha1_base64="MvnS6Z9pMESk8yJ+ETMYzQRoAMw=">AAACMHicbVC7SgNBFJ31GeMramkzGASrsCuC2gVsUkZITCBZwuzsjRmcmV1m7gbDkl+y8U/EJoWKrV/h5FFo9MKFw7nnvk6USmHR9yfeyura+sZmYau4vbO7t186OLyzSWY4NHkiE9OOmAUpNDRRoIR2aoCpSEIreriZ1ltDMFYkuoGjFELF7rXoC87QUb1SrYvwiDoxism8MQDqRkrgKIZAwaJQMx0VllqhUjmi6DTMTWT3PwVj2iuV/Yo/C/oXBAtQJouo90ov3TjhmQKNXDJrO4GfYpgzg4JLGBe7mYWU8Qe3qOOgZgpsmM8+HtNTx8S0nxiXGumM/dmRM2XtSEVO6Q4c2OXalPyv1smwfxXmQqcZgubzRf1MUkzo1D4aC+PccT7EgnEj3K2UD5hhHJ3JRWdCsPzyX9A8r1xXgtuLcvV84UaBHJMTckYCckmqpEbqpEk4eSKv5I28e8/exPvwPufSFW/Rc0R+hff1DaqEqzw=</latexit>

Theorem: The collective estimation has on average less or the same error

<latexit sha1_base64="9xvsz18VOXi19QwfT4NxR6nu82c="></latexit><latexit sha1_base64="9xvsz18VOXi19QwfT4NxR6nu82c="></latexit><latexit sha1_base64="9xvsz18VOXi19QwfT4NxR6nu82c="></latexit><latexit sha1_base64="9xvsz18VOXi19QwfT4NxR6nu82c="></latexit>

than a randomly picked individual

<latexit sha1_base64="tEimgLEcWzT3R78GpmLV1coThvc=">AAACGHicbVDLSgNBEJz1bXxFPXoZDIKnsCuCehO8eFQwKiQh9M52zJB5LDO9YljyG178FS8eVLx682+cxBx8FTQUVd10d6W5kp7i+COamp6ZnZtfWKwsLa+srlXXNy69LZzAhrDKuusUPCppsEGSFF7nDkGnCq/S/snIv7pF56U1FzTIsa3hxsiuFEBB6lTjFuEdGes0qJJ6YDhwByazWg14LkUfMy5NJm9lVoAaVninWovr8Rj8L0kmpMYmOOtU31uZFYVGQ0KB980kzqldgiMpFA4rrcJjDqIPN9gM1IBG3y7Hnw35TlAy3rUulCE+Vr9PlKC9H+g0dGqgnv/tjcT/vGZB3cN2KU1eEBrxtahbKE6Wj2LimXQoKGSQSRBOhlu56IEDQSHMSggh+f3yX9LYqx/Vk/P92vHeJI0FtsW22S5L2AE7ZqfsjDWYYPfskT2zl+gheopeo7ev1qloMrPJfiB6/wRfaqCm</latexit><latexit sha1_base64="tEimgLEcWzT3R78GpmLV1coThvc=">AAACGHicbVDLSgNBEJz1bXxFPXoZDIKnsCuCehO8eFQwKiQh9M52zJB5LDO9YljyG178FS8eVLx682+cxBx8FTQUVd10d6W5kp7i+COamp6ZnZtfWKwsLa+srlXXNy69LZzAhrDKuusUPCppsEGSFF7nDkGnCq/S/snIv7pF56U1FzTIsa3hxsiuFEBB6lTjFuEdGes0qJJ6YDhwByazWg14LkUfMy5NJm9lVoAaVninWovr8Rj8L0kmpMYmOOtU31uZFYVGQ0KB980kzqldgiMpFA4rrcJjDqIPN9gM1IBG3y7Hnw35TlAy3rUulCE+Vr9PlKC9H+g0dGqgnv/tjcT/vGZB3cN2KU1eEBrxtahbKE6Wj2LimXQoKGSQSRBOhlu56IEDQSHMSggh+f3yX9LYqx/Vk/P92vHeJI0FtsW22S5L2AE7ZqfsjDWYYPfskT2zl+gheopeo7ev1qloMrPJfiB6/wRfaqCm</latexit><latexit sha1_base64="tEimgLEcWzT3R78GpmLV1coThvc=">AAACGHicbVDLSgNBEJz1bXxFPXoZDIKnsCuCehO8eFQwKiQh9M52zJB5LDO9YljyG178FS8eVLx682+cxBx8FTQUVd10d6W5kp7i+COamp6ZnZtfWKwsLa+srlXXNy69LZzAhrDKuusUPCppsEGSFF7nDkGnCq/S/snIv7pF56U1FzTIsa3hxsiuFEBB6lTjFuEdGes0qJJ6YDhwByazWg14LkUfMy5NJm9lVoAaVninWovr8Rj8L0kmpMYmOOtU31uZFYVGQ0KB980kzqldgiMpFA4rrcJjDqIPN9gM1IBG3y7Hnw35TlAy3rUulCE+Vr9PlKC9H+g0dGqgnv/tjcT/vGZB3cN2KU1eEBrxtahbKE6Wj2LimXQoKGSQSRBOhlu56IEDQSHMSggh+f3yX9LYqx/Vk/P92vHeJI0FtsW22S5L2AE7ZqfsjDWYYPfskT2zl+gheopeo7ev1qloMrPJfiB6/wRfaqCm</latexit><latexit sha1_base64="tEimgLEcWzT3R78GpmLV1coThvc=">AAACGHicbVDLSgNBEJz1bXxFPXoZDIKnsCuCehO8eFQwKiQh9M52zJB5LDO9YljyG178FS8eVLx682+cxBx8FTQUVd10d6W5kp7i+COamp6ZnZtfWKwsLa+srlXXNy69LZzAhrDKuusUPCppsEGSFF7nDkGnCq/S/snIv7pF56U1FzTIsa3hxsiuFEBB6lTjFuEdGes0qJJ6YDhwByazWg14LkUfMy5NJm9lVoAaVninWovr8Rj8L0kmpMYmOOtU31uZFYVGQ0KB980kzqldgiMpFA4rrcJjDqIPN9gM1IBG3y7Hnw35TlAy3rUulCE+Vr9PlKC9H+g0dGqgnv/tjcT/vGZB3cN2KU1eEBrxtahbKE6Wj2LimXQoKGSQSRBOhlu56IEDQSHMSggh+f3yX9LYqx/Vk/P92vHeJI0FtsW22S5L2AE7ZqfsjDWYYPfskT2zl+gheopeo7ev1qloMrPJfiB6/wRfaqCm</latexit>



Example: 5 people estimate: -1,-0.5,0,0.5,1 

Er
ro

r

Truth location

Crowd better on average 
than an individual independently of truth

Example 2: Use the length of our noses to measure the height of Eiffel Tower. 
                  Again, the crowd is better! 



error(i)
<latexit sha1_base64="xqNQXCNP7GknJFPxBXicU4s+W5M=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTEI8RJ2g6DeAl48RjAmkCxhdtKbDJmdWWZ6xbAE/BUvHlS8+h/e/Bsnj4MmFjQUVd10d4WJ4AY979vJrayurW/kNwtb2zu7e8X9g3ujUs2gwZRQuhVSA4JLaCBHAa1EA41DAc1weD3xmw+gDVfyDkcJBDHtSx5xRtFK3eJRB+ERpdIxFRlorfS4zM+6xZJX8aZwl4k/JyUyR71b/Or0FEtjkMgENabtewkGGdXImYBxoZMaSCgb0j60LZU0BhNk0/PH7qlVem6ktC2J7lT9PZHR2JhRHNrOmOLALHoT8T+vnWJ0GWRcJimCZLNFUSpcVO4kC7fHNTAUI0so09ze6rIB1ZShTaxgQ/AXX14mjWrlquLfnpdq1XkaeXJMTkiZ+OSC1MgNqZMGYSQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QMyxJXH</latexit><latexit sha1_base64="xqNQXCNP7GknJFPxBXicU4s+W5M=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTEI8RJ2g6DeAl48RjAmkCxhdtKbDJmdWWZ6xbAE/BUvHlS8+h/e/Bsnj4MmFjQUVd10d4WJ4AY979vJrayurW/kNwtb2zu7e8X9g3ujUs2gwZRQuhVSA4JLaCBHAa1EA41DAc1weD3xmw+gDVfyDkcJBDHtSx5xRtFK3eJRB+ERpdIxFRlorfS4zM+6xZJX8aZwl4k/JyUyR71b/Or0FEtjkMgENabtewkGGdXImYBxoZMaSCgb0j60LZU0BhNk0/PH7qlVem6ktC2J7lT9PZHR2JhRHNrOmOLALHoT8T+vnWJ0GWRcJimCZLNFUSpcVO4kC7fHNTAUI0so09ze6rIB1ZShTaxgQ/AXX14mjWrlquLfnpdq1XkaeXJMTkiZ+OSC1MgNqZMGYSQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QMyxJXH</latexit><latexit sha1_base64="xqNQXCNP7GknJFPxBXicU4s+W5M=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTEI8RJ2g6DeAl48RjAmkCxhdtKbDJmdWWZ6xbAE/BUvHlS8+h/e/Bsnj4MmFjQUVd10d4WJ4AY979vJrayurW/kNwtb2zu7e8X9g3ujUs2gwZRQuhVSA4JLaCBHAa1EA41DAc1weD3xmw+gDVfyDkcJBDHtSx5xRtFK3eJRB+ERpdIxFRlorfS4zM+6xZJX8aZwl4k/JyUyR71b/Or0FEtjkMgENabtewkGGdXImYBxoZMaSCgb0j60LZU0BhNk0/PH7qlVem6ktC2J7lT9PZHR2JhRHNrOmOLALHoT8T+vnWJ0GWRcJimCZLNFUSpcVO4kC7fHNTAUI0so09ze6rIB1ZShTaxgQ/AXX14mjWrlquLfnpdq1XkaeXJMTkiZ+OSC1MgNqZMGYSQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QMyxJXH</latexit><latexit sha1_base64="xqNQXCNP7GknJFPxBXicU4s+W5M=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTEI8RJ2g6DeAl48RjAmkCxhdtKbDJmdWWZ6xbAE/BUvHlS8+h/e/Bsnj4MmFjQUVd10d4WJ4AY979vJrayurW/kNwtb2zu7e8X9g3ujUs2gwZRQuhVSA4JLaCBHAa1EA41DAc1weD3xmw+gDVfyDkcJBDHtSx5xRtFK3eJRB+ERpdIxFRlorfS4zM+6xZJX8aZwl4k/JyUyR71b/Or0FEtjkMgENabtewkGGdXImYBxoZMaSCgb0j60LZU0BhNk0/PH7qlVem6ktC2J7lT9PZHR2JhRHNrOmOLALHoT8T+vnWJ0GWRcJimCZLNFUSpcVO4kC7fHNTAUI0so09ze6rIB1ZShTaxgQ/AXX14mjWrlquLfnpdq1XkaeXJMTkiZ+OSC1MgNqZMGYSQjz+SVvDlPzovz7nzMWnPOfOaQ/IHz+QMyxJXH</latexit>

estimation(i)
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What happens is that the error is assumed to be quadratic (because we are lazy 
intellectuals) but real errors need not be

For other errors the result is different

LESSON 4:  

Errors in a collective can be smaller or 
higher than individual error depending on 
the error function



BIG LESSON:  

There is no magic bullet for Collective Intelligence 

Instead, it needs to be incentivised by methods that  

Allow those with knowledge to have more weight (anti-Galton) 

Correlations among individuals should be such the collective listens  
to those that at each point in time have the required knowledge  
to solve the task (anti-Condorcet) 

Understand the cost incurred by mistakes (anti-Theorem) 

  
Laan, Madirolas & de Polavieja, Frontiers in Robotics and AI (2017) 

 



‘Proofs’ that there is collective intelligence 

                 Condorcet jury model 
                 Galton experiment 
                 Collective error is always smaller 

I will show they are NOT proofs, but each will give us a lesson of what is needed  
for collective intelligence 

How do animals do it? A couple of lessons from animals 

Can we enhance it with AI? 



  
Arganda, Perez-Escudero & de Polavieja, PNAS (2012) 
Perez-Escudero et al, Nat. Methods (2014) 
Hinz & de Polavieja, PNAS (2017) 
Perez-Escudero & de Polavieja, Interface (2017) 
Laan, Gil de Sagredo & de Polavieja, Proc. Roy. Soc. (2017) 
Vicente-Page, Perez-Escudero & de Polavieja, J. Theor. Ecology (2018) 

 



Those with knowledge are copied by the rest (instead of using a majority vote) 

Copy takes place more likely when those with knowledge confidently show it 
and those that do not have do not look as if they had it 
  
                            (a) high velocity/acceleration changes & straight paths 
                            (b) More so if >1 individual with properties in (a)



Those with knowledge are copied by the rest (instead of using a majority vote) 

Copy takes place more likely when those with knowledge confidently show it 
and those that do not have do not act as if they had it 
  
                            (a) high velocity/acceleration changes & straight paths 
                            (b) More relevant if >1 individual with properties in (a)



Animal collectives are more intelligent when: 

    Individuals with knowledge express it to the collective  
     
    The others can recognise who has the knowledge and use it 
  
    The diversity of knowledge to solve a task is present in the collective 
    



= + −

< − =
=

=

Does AI help? 

N doctors (N=2,3, 5 or 7) diagnose cancer/no cancer from image  
and also give confidence level and the % of successes until then 

The strategy of choosing the best (higher % correct) or more confident is suboptimal. 
The majority opinion is quite good (because most doctors are reasonably good). 

The network trained to combine doctors opinions, confidence levels and % correct 
is slightly better (significant for N=5 and N=7) 

Collectives + AI might be a good method to extract collective intelligence, specially 
when knowledge is only in few individuals 





Perez-Escudero & de Polavieja, Plos Comp. Biol. (2017) 



What are our theories based upon?

Individuals use inference

Individuals learn by rewards

Individuals control their behavior 
according to some policies

Individuals use heuristic rules

Individuals are a neuronal network  
coupled to a skeletal system
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Brains generate decisions from ambiguous information
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Brains generate decisions from ambiguous information



P (Y |C,B)

Y
C
B

P (X|C,B) = 1� P (Y |C,B)

P (Y |C,B) =
P (B|Y,C)P (Y |C)

P (B|X,C)P (X|C) + P (B|Y,C)P (Y |C)

P (Y |C,B) =
1

1 + aS

a =
P (X|C)

P (Y |C)

S =
P (B|X,C)

P (B|Y,C)

‘private information’

‘y is the best option’

‘behaviors of others’
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Assuming focal agent does not use correlations among others  
(see our PCB 2011 without this assumption) 

Instead of behaviours consider as ‘going to    ’           and         ‘going to    ’     

n
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x y
with       animals going to     and       animals going tox y
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In the case of a symmetric set-up (both options identical) 
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That is the estimation part of the derivation. 

Now we need a decision-rule using this estimation. 

P (Y |C,B) > P (X|C,B)y x

Py = P (Y |C,B) =
1

1 + as�(n
y

�n
x

)

Choose when . Otherwise, choose

This pure rule does not correspond to data.  

Instead we can add noise or use the softer parameter-free version  

(probability matching rule)

The pure one would be:



Perez-Escudero & de Polavieja, PLos Comp Biol (2011)



Perez-Escudero & de Polavieja, PLos Comp Biol (2011)



Perez-Escudero & de Polavieja, PLos Comp Biol (2011)



How private info alone tells  
George which option is best

Perez-Escudero & de Polavieja, PLos Comp Biol (2011)

a =
P (X|C)

P (Y |C)



Private info 
more in favor of  
y being best 
(lower a) 

Perez-Escudero & de Polavieja, PLos Comp Biol (2011)

How private info alone tells  
George which option is besta =

P (X|C)

P (Y |C)



How reliably  
one of George’s friends 
chooses one option 
when it is the best

Perez-Escudero & de Polavieja, PLos Comp Biol (2011)

s =
P (�y|Y,C)

P (�y|X,C)



Perez-Escudero & de Polavieja, PLos Comp Biol (2011)

How reliably  
one of George’s friends 
chooses one option 
when it is the best

s =
P (�y|Y,C)

P (�y|X,C)

More reliable friends 
(higher s) 



Perez-Escudero & de Polavieja, PLos Comp Biol (2011)



Test in sticklebaks

Data from Ward et al. (2005) 
     



Test in sticklebaks

Data from Ward et al. (2005) 
     



Test in sticklebaks

Data from Ward et al. (2005) 
     



Test in sticklebaks

Data from Ward et al. (2005) 
     



  
Arganda, Perez-Escudero & de Polavieja, PNAS (2012) 

Before when one option is the best then other is the worst 

Now the two options can in principle be good or bad



x y

Decisions in zebrafish match the theory

  
Arganda, Perez-Escudero & de Polavieja, PNAS (2012) 
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Decisions in zebrafish match the theory

  
Arganda, Perez-Escudero & de Polavieja, PNAS (2012) 
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Decisions in zebrafish match the theory

  
Arganda, Perez-Escudero & de Polavieja, PNAS (2012) 



x y

Decisions in zebrafish match the theory

  
Arganda, Perez-Escudero & de Polavieja, PNAS (2012) 



x y

theory exp

Data from Perna et al.  (2012)

Arganda, Perez-Escudero & de Polavieja, PNAS (2012) 

Also good match with ants



  
Arganda, Perez-Escudero & de Polavieja, PNAS (2012) 



Models allow comparing the real system with virtual alternatives as reference

  
Vicente, Perez-Escudero & de Polavieja (2017)



Increased aggregation when all options are worse is for free: just changing a

  
Perez-Escudero & de Polavieja (2017)



Theory of decision-making in groups

Collective behavior in humans

Data-driven study of collective behaviour



THE PROBLEM



THE PROBLEM STANDARD SOLUTION





Perez-Escudero et al., Nature Methods (2014)

TRACKING BY FINGERPRINTING



Perez-Escudero et al., Nature Methods (2014)



www.idtracker.es

http://www.idtracker.es


Romero-Ferrero, Bergomi et al. (in prep)



Accuracy in fish 

>99.99% accurate 

groups of 60, 80 and 100 

(still checking in flies)

www.idtracker.ai

http://www.idtracker.ai
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What are our theories based upon?

Individuals use inference

Individuals learn by rewards

Individuals control their behavior 
according to some policies

Individuals use heuristic rules

Individuals are a neuronal network  
coupled to a skeletal system



500 videos during 6-24 dpf



  
Hinz & de Polavieja PNAS (2017)



  
Hinz & de Polavieja PNAS (2017)



  
Hinz & de Polavieja PNAS (2017)



Experiments with 4 fish

  
Hinz & de Polavieja PNAS (2017)



Moving towards an agent chosen at random

  
Hinz & de Polavieja PNAS (2017)

P (N1|N1 : N2) = ps
N1

N1 +N2
+ (1� ps)

1

2



Parameter-free predictions of model



Other predictions



comparison with 
other models



Changes during development

P (N1|N1 : N2) = ps
N1

N1 +N2
+ (1� ps)

1

2



Running the model & analyse it as exp 



Theory of decision-making in groups

Collective behavior in humans

Data-driven study of collective behaviour



Galton (1907)

Francis Galton 

Vox Populi 



Individuals (800) write down their answer independently of each other

Median value (middle observation of ordered list)= 1,198

2,520  645 650 700   840    990

What is the weight of the ox?

1,198 2,050 2,100   400    2,320    3,100   2,140

Real value = 1,207
1 % error

Galton (1907)

What is the border length between Italy and Swizerland?

Median value = 302

Real value = 734
60 % error



Individuals (800) write down their answer independently of each other

Median value (middle observation of ordered list)= 1,198

2,520  645 650 700   840    990

What is the weight of the ox?

1,198 2,050 2,100   400    2,320    3,100   2,140

Real value = 1,207
1 % error

Galton (1907)

What is the border length between Italy and Swizerland?

Median value = 302

Real value = 734
60 % error



What is the weight of this ox?



Individuals (800) write down their answer independently of each other

Median value (middle observation of ordered list)= 1,198

Wisdom of the crowd

2,520  645 650 700   840    990

What is the weight of the ox?

1,198 2,050 2,100   400    2,320    3,100   2,140

Real value = 1,207
1 % error

What is the border length between Italy and Swizerland?

Median value = 302

Real value = 734
60 % error

From Lorenz et al (2011)



Simple interactions make matters worse

What is the border length between Italy and Swizerland?

Median value = 302 

Real value = 734 60 % error

Give all people the mean value, and ask again
What is the border length between Italy and Swizerland?

Median value =  They just copied



Using again Bayes Theorem and that counting distributions tend to be log-normal,

Madirolas & de Polavieja (2015)

we obtain for y = log(x)

P (y|p, s) / P (y|s)P (s|p, y) = N (µf ,�f )

µf = (1� ws)µp + wsµs

�f =
p
1� ws�p



First (private)  
estimation

Social value

Social weight

Second  
estimation

A model for an individual compatible with the distributions is

So from the two estimations, for each individual we can extract a social weight as

Change in opinion 
Distance from first estimation to social value

HYPOTHESIS:  

Resistance to social influence  
statistically correlates with accuracy



Madirolas & de Polavieja (2015)



Question Truth WOC Resist

Border Length 734 302 (-59%) 715 (-2.6%)           

Rapes 639 257 (-60%) 624 (-2.4%)

Assaults 9272 3685 (-60%) 7721 (-17%)

Population Density 184 115 (-38%) 168  (-8.9%)



Theory of decision-making in groups

Collective behavior in humans

Data-driven study of collective behaviour
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traces, thus characterizing the average viscous drag on the
body of a zebrafish (see ‘Kinematics’). This is consistent with
viscous drag forces proportional to velocity, with acceleration

adec ¼ "av, ð3:1Þ

and a ¼ 2.7 s21 in our case. A drag force quadratic in velocity
gives a worse fit accounting for 50% of variation. The rising
phase of the velocity profile is well described by an acceleration
towards maximal velocity vmax as

aacc ¼ aðvmax " vÞ, ð3:2Þ

with vmax ¼ 27 cms"1. This value is consistent with the
observed velocities, with 95% of them below this value. The
few instances of observed velocities above vmax ¼ 27 cms"1

might beaccounted for by rareperiodsof anaerobic acceleration.
In experiments using pairs of zebrafish, active swimming

dynamics still strongly shapes swimming patterns. The accel-
eration of a fish at time t predicts 45+0.76% of the linear
variation in its acceleration at time t þ 1 (see ‘Predictability
of acceleration’). By contrast, a neural network provided
with spatial information and the velocity vectors of both
the focal fish and its partner fish at time t, which characterizes
the social information available to a fish, can explain only
6.5+0.3% of acceleration at time t þ 1 (see ‘Predictability of
acceleration’). Our results contrast with a common view
of social interactions, which concentrates on the influence of
social parameters such as the relative inter-individual
position, heading and velocity as determinants of future
movements. In our experiments, the non-social part of the
locomotor cycle is a better predictor of future acceleration
values than social information even in social settings. The
strong influence of non-social processes on behaviour is
consistent with previous reports [18–20].

To extract the characteristics of social interactions, we
used the forcemap approach [10,11]. It consists of computing
the dependency of the mean social force (focal fish mean
acceleration) on inter-animal distance and velocity of focal
and partner. In our set-up, zebrafish spend 80% of their
time swimming parallel to the walls along approximately
one-dimensional tracks. We restricted our analysis to periods
where zebrafish velocity vectors were highly parallel to each
other, with differences in heading angles less than 458, the
distance between fish in the direction perpendicular to focal
fish velocity vector less than 7 cm and the distance of fish
in the parallel direction less than 20 cm (a total of 30% of
all data were thus used for analysis).

From these approximately one-dimensional tracks, we
measured how acceleration of a focal fish depends on its dis-
tance to its partner, the speed of the partner and the speed
of the focal fish. A partner fish located in front (behind) of
the focal fish generates a strong positive (negative) acceleration
response in the focal fish (figure 1b). The velocity of the focal
fish modulates the acceleration of the focal fish in a negative
fashion: increasing focal fish velocity causes increased decel-
eration (figure 1c). This is consistent with passive viscous
forces both reducing the maximal acceleration attainable to a
fast-moving fish as well as increased viscous deceleration
experienced during the gliding phase. By contrast, increasing
partner fish velocity appears to promote increased acceleration
of the focal fish, particularly when the partner fish is located in
front of the focal individual (figure 1d).

(b) Social interactions from optimal controller
A theoretical treatment of group swimming must also specify
the objective of the fish. This objective must be expressible in
terms of observed variables and should capture the biological
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Figure 1. Analysis of zebrafish swimming. (a) Example of magnitude of velocity over time for one fish showing acceleration (blue) and deceleration phases (black).
Also shown are exponential decay fits to decelerating phases (green). (b) One-dimensional social force as a function of the relative distance between focal fish and
partner fish. (c) Modulation of social forces by focal fish velocity. Focal fish velocity ranges: 0–10.5 (blue), 10.5–21 (red) and 21–32.5 (yellow). (d ) Modulation of
social forces by partner fish velocity. Partner fish velocity ranges: 0–10.5 (blue), 10.5–21 (red) and 21–32.5 (yellow). n ¼ 13. Bars are s.e.m.
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decisions. The decision boundary is visualized as a black line,
which separates the acceleration zone from the deceleration
zone. As can be seen from the figure, increasing focal fish
velocity increases deceleration, as is apparent from the pro-
gressively deeper blue tones as we move from the left to
the right on the graph.

One advantage of our two-dimensional visualization is
that focal fish behaviour can be visualized as trajectories in
the state space graph. In figure 2b, we have depicted one
such example trajectory in the state space. During the burst
phase (purple), the focal individual increases its velocity
and decreases its distance relative to the partner fish until it
reaches the decision boundary. After reaching the decision
boundary, the focal individual switches to gliding mode
(green) and moves along the decision boundary until its
position and velocity match with its partner. The resulting
evolution of the velocity of the focal fish is depicted in
figure 2b, with a saw-tooth-like velocity waveform from the
switch from bursting to gliding.

We present an alternative depiction of the structure of our
optimal controller, where we fix to a limited range the vel-
ocity values of the focal fish in order to see the effects of
varying partner fish velocity (figure 3a). This was modelled
with sensory noise added in the estimation of interfish
distance (see the electronic supplementary material, methods
5.3 for details of noise modelling and comparison with noise-
free predictions). We also provide analogous plots of the
experimentally measured zebrafish interactions (figure 3b).
The optimal controller has three features that are qualitatively
consistent with the measured decision maps. First, the ampli-
tude of the deceleration and acceleration zones are negatively
modulated by the focal zebrafish velocity. Second, large
values of partner fish velocities activate acceleration beha-
viours when the partner fish is located in front of the focal

fish. Third, the transition zone between the acceleration and
deceleration zones has a negative slope in the d–vpartner axis.

Overall, both the biological controller and the optimal con-
troller have a simple intuitive structure. If the partner fish is
located in front of the focal fish and moving faster than the
focal fish, then the focal fish should accelerate. This behaviour
leads to an increase in its speed and will allow it to catch up
with the partner fish. The acceleration should continue until
the focal fish reaches a sufficient speed and position such
that a switch to passive gliding is expected to bring it into a
maximally cohesive state with its partner. If the speed of the
focal fish is much greater than the speed of the partner fish,
then the focal fish should always glide. Gliding causes the pas-
sive drag of water to bring its velocity closer to the velocity of
its partner and the inter-individual distance will simul-
taneously shrink as well, since the greater speed of the focal
fish relative to the partner will cause the focal fish to approach
the partner. Finally, if the focal fish is located in front of the
partner fish, then due to the blind angle, a precise estimation
of the position and velocity of the partner fish is not possible
and the best decision is to glide passively until the partner
fish overtakes the position of the focal fish.

This qualitative consistency can be seen in figure 4. We
have divided the forcemaps into four quadrants (figure 4a)
and plotted how the average acceleration in each quadrant
varies with focal fish velocity (figure 4b). Consistent with
theory, acceleration in all four quadrants is negatively modu-
lated by focal fish velocity. The relative ranking of the
intensity of acceleration in all quadrants is also qualitatively
consistent with theory. Quadrants Q1 and Q3 have the
lowest values of acceleration, because they correspond to
situations where the partner is located behind the focal fish
and the focal fish is always decelerating. Quadrants Q2 and
Q4 partially overlap with acceleration regions so they show

low focal velocity
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Figure 3. Comparison of optimal controller and zebrafish social forces. (a) Theoretical predictions of three-dimensional decision maps. On each colourmap, we plot
for a restricted range of values of focal fish velocity how acceleration of zebrafish varies as a function of partner fish velocity and the relative distance between focal
and partner fish. Velocity ranges from left to right were 0–10.5, 10.5–21 and 21–32.5 (cm s21). For the calculations, we have also added noise to the sensory
system of the focal fish which causes an imprecise estimate of the location of the partner fish (see the electronic supplementary material, figure S1 for noiseless
predictions). (b) Same as (a) but for zebrafish experiments (n ¼ 13 pairs).

rspb.royalsocietypublishing.org
Proc.R.Soc.B

284:20170224
5

 on September 7, 2017http://rspb.royalsocietypublishing.org/Downloaded from 

d

vL

vF vF vFLow Medium High

aggression [16], and switching between fearful and more
pacific internal states [23]. Second, the median interfish dis-
tance in our simulations was 4.6 cm while in experiments
this measure was 5.6 cm. This is easily explained because in
experiments fish often spend extended periods exploring
the arena. Overall, our simulations reproduced the most
salient experimental features of zebrafish schooling.

4. Discussion
Early phenomenological descriptions of fish schooling used
self-propelled particle models where agents kept a constant
velocity [1,13]. Experimental measurements of schooling
recently found that changes in the magnitude of velocity
were integral to the process of schooling [11,12]. The same
studies also first described velocity-dependent modulation of
social forces although the functional reason behind this modu-
lationwas not discussed.Our theoretical framework provides a
strong rationale behind this phenomena. Velocity-dependent
modulation of interactions is a necessary precondition for
stable schooling in fish species where acceleration and decel-
eration zone amplitudes have a rostro-caudal asymmetry and
the frontal acceleration zone has a stronger amplitude than
the caudal deceleration zone. A more precise coordination of
velocity-dependent forces can even be used to construct a
near-optimal controller, and signatures of such a controller
appear present in the experimental data for zebrafish.

The results of our study suggest many new avenues of
experimental research. One exciting approach concerns
inter-species comparison of schooling. Different fish species
exhibit different locomotor dynamics and it will be important
to test the effects of altered locomotion on the characteristics
of forcemaps. The characteristics of forcemaps are also influ-
enced by the behaviour of fish during non-social episodes.
It would be interesting to apply our approach to fish species
where leadership is less dynamic and more asymmetric than
in zebrafish. In such species, where leaders and followers
are easier to separate, the leader and follower maps might
look substantially different [24]. Comparing the predictions
of theorywith experiments in these species represents a further
important test of our theory.

The presence of signatures of optimal control in simple
situations where pairs of zebrafish interact in a quasi-
one-dimensional geometry raises multiple questions. One is

how the framework extends to two- and three-dimensional
scenarios and to larger group sizes. Another is how fish esti-
mate the variables needed for real-time computation of the
decision boundary from their retinal image. A third is how
these variables are re-estimated during development, as
changes in fish body shape modify viscous drag.

We believe that a joint solution to these problems can
be found through the methodology of deep multi-agent
reinforcement learning [25,26].Multi-agent reinforcement learn-
ing can learn to solve complex control problems in situations
where analytical methods of traditional control theory are no
longer tractable. Extensions of our model to multi-agent three-
dimensional scenarios would be one such example situation,
although this extension will also require modifications to our
cost function, which is currently only stated for the case of pair-
wise interactions. Deep reinforcement learning also provides a
solution to the sensory estimation problem, because it can learn
useful policies directly from high-dimensional data such as
retinal activity patterns. As deep reinforcement learning is fun-
damentally an adaptive method which responds to changes in
the environment or the body of the zebrafish, it also provides
a natural solution to the problem of tuning the decision
boundary [15,27] over developmental time scales.

Multi-agent deep reinforcement learning is not only
conceptually attractive [28], but also inherently biologically
plausible, because the neural apparatus needed to implement
its computations is present in vertebrate brains [29]. One poten-
tial challenge to the use of deep learning in schooling is the
large hunger for data often needed to train such systems.
Our preliminary computational experiments indicate that this
is not a problem for the case of schooling in pairs, because an
artificial neural network composed of just 200 neurons is
capable of learning competent schooling policies using data
gathered in under 30min of real-time schooling behaviour.

The present work has outlined how control theory can pro-
vide a simple mathematical description of zebrafish schooling
in pairs. We believe that the presence of simple signatures of
optimal control in relatively simple scenarios is not accidental
but a sign of a more complex controller, which (among many
other problems) is also able to find near-optimal ways to coor-
dinate collective behaviour in simple scenarios. An important
future extension of this work would explore whether methods
such as deep reinforcement learning could provide a unified
description of the diversity of social behaviours seen in
different species and in different environments.
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Figure 5. Forcemaps extracted from simulated trajectories. (a– c) Same as for figure 3 but for simulated fish trajectories (see main text for details) instead of ideal
controller. Velocity ranges were (a) 0–10.5, (b) 10.5–21 and (c) 21–32.5 (cm s21).
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Figure 1: The computer vision pipeline. 1: the raw video. 2: unmarked
animals after identification with idTracker [15] and a short span of the trajec-
tory of each animal overlaid. 3: preprocessing of a local chunk of trajectory
for neural network analysis. 4: schematic of the neural network classifier
which was trained to mimic human annotations. 5: a time series of attack
scores for two animals as produced by the neural network classifier. High
attack score values indicate a high internal confidence of the network that an
attack is taking place. 6: an automatic ethogram calculated by thresholding
the attack score.

However, not all fights followed the aforementioned progression. In some
cases, the symmetric phase was not followed by an asymmetric phase and in
other cases, an asymmetric phase both proceeded and followed the symmetric
phase. Interestingly, the individual who was dominant before the symmetric
phase was not necessarily the same one who engaged in attacks after the
symmetric phase (see Figure S1 for example plots of fight progression in the
more rare cases). In 12 fights, no symmetric phase was present and the only
phase present was the asymmetric one. In the next sections, our analysis will
focus on 14 of the 15 fights were the symmetric phase was present unless we
state otherwise (with 1 fight excluded from analysis since its long duration
posed a threat to animal welfare and had to be prematurely stopped).

We used the outputs of our machine learning pipeline to analyze coarse
kinematic parameters of attacks. Attacks in both the symmetric and asym-
metric phase were associated with high velocities compared to the pre-fight
phase. Pre-fight, the fish had an average speed of 5.3 ± 0.84 cm/s (N=13,
mean ± standard deviation), which during the symmetric phase rose to
10.3 ± 1.9 cm/s (N=14) for the attacker and 10.9 ± 1.4 cm/s (N=14) for

5



Figure 3: Forcemaps of the defender in the symmetric (top row)
and asymmetric (bottom row) phase. Average forcemaps (N=14 fights,
230 000 time-points). The top inset image shows a typical configuration of
the two fish during the symmetric phase (same for asymmetric phase at the
bottom). In this figure, the focal fish is always located at the top middle of the
map (orange dot, point 0,0) and its velocity vector is oriented up. A: a typical
configuration of the two fish during the symmetric phase. B: a probability
density map of the position of the attacker relative to the defender during
the symmetric phase. C: the speeding force as a function of the relative
location the attacker during the symmetric phase. D: the turning behavior
of the defender as a function of the relative location of the attacker during
the symmetric phase. E: a typical configuration of the two fish during the
asymmetric phase. F-H: same as B-D for the asymmetric phase.

tended to swim in a straight line, the symmetric phase attacks showed a ten-
dency for the two fish to move in a semicircular trajectory while maintaining
a T-like configuration (Figure 3A).

A further surprise comes from examining the symmetric phase turning
maps for the attacker. In the symmetric phase, the attackers body is pointed
directly towards the center of the defender as if poised to attack (Figure
4A,B). Yet the speeding map and the turning map both show how at close
distances, the supposed target of the attack actually exerts a repulsive e↵ect
on the attacker (Figure 4C blue zone at the bottom, Figure 4D triangular
zone at the bottom). This e↵ect is not the result of physical contact forces
because the maps have the same qualitative features even if we exclude from
analysis the periods where the bodies of the two fish are in physical contact

10



Figure 4: Forcemaps of the attacker in the symmetric (top) and
asymmetric (bottom) phase. Average forcemaps (N=14 fights, 140 000
time-points). The focal fish for each row is marked in color on an inset
image (A,E). On these forcemaps, the focal fish is always located at the
bottom middle of the map (marked as a circle with a tail on the maps) and
its velocity vector is oriented up. A: a typical configuration of the two fish
during the symmetric phase. B: a probability density map of the position
of the defender relative to the attacker during the symmetric phase. C: the
speeding force as a function of the relative location the defender during the
symmetric phase. D: the turning behavior of the attacker as a function of the
relative location of the defender during the symmetric phase. E: a typical
configuration of the two fish during the asymmetric phase. F-H: same as B-D
for the asymmetric phase.

2.3 Modeling of the asymmetric phase

The literature on game theory and dyadic aggression is rich but appears to
be primarily focused on the symmetrical/assessment phase of the conflict
(see for example Chapter 2 of [24]). In addition to an assessment phase, our
fights also have a structured post-resolution phase, where both the winner
and the looser engage in stereotypical behaviors. We were motivated to seek
a theoretical treatment of the post-conflict phase by the observation that
both the winner and the looser engage in a contact-free but high-velocity
chases, which are costly for both the winner and the looser. Why does the
winner feel compelled to waste energy on attacks even after it has established
its dominance in the symmetric phase?

12



Figure 5: The splash behavior. Top panels: a time-lapse series of 4 con-
secutive frames (sampled 50 ms apart in time) during an example splash
behavior. Bottom panels: A: the average acceleration of an individual dur-
ing a splash. The splash takes place at time 0. B: The probability of contact
during a splash. C: The average time evolution of inter-animal distance dur-
ing a splash. D: A histogram of the orientation change index during 50 acts of
splash. An index of -1 corresponds to a 180 degree change in orientation, an
index of 1 corresponds to orientation being unchanged (see methods for de-
tails). For all plots, N=50 splash behaviors. Due to their short duration and
comparatively rare occurrence, the splash behaviors were found by manual
annotation.

In more natural conditions, animals including fish often fight to defend
territories and establish dominance [25, 26, 23]. Post-fight behaviors either
serve the function of chasing the looser out of the territory or maintaining
dominance rank. In order to achieve either of the aforementioned aims with-
out risking the possible loss of dominance, it is necessary for the winner to
perform behaviors which damage the looser equally or more than the winner.
We can therefore think of the post-resolution fight as a zero-sum game, where
the reward of the winner is r

w

= C
l

� C
w

and the reward of the looser is
r
l

= C
w

� C
l

(C
w

and C
l

designate the costs incurred by the looser and the
winner respectively).

Zebrafish incur costs either through rapid swimming or by receiving bites
from the opponent. During the post-resolution phase, the dominant engages
in rapid swimming with an approximately constant velocity (Figure 2F) while
staying a constant distance away from the subordinate (Figure 3F). Our
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Do you like this video?

Prezsmylaw et al (in preparation)



Prezsmylaw et al (in preparation)



You are more likely to  
like/disliked a video if people 
liked/disliked it in the comments 

BUT some people are ‘immune’ to influence

Prezsmylaw et al (in preparation)
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And social interactions?
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Social interactions can cascade an error EVEN if everyone is choosing the best they can
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Information cascades 

Assumes people are super-rational and decide in sequence

p=1/2 p=1/2

Majority black (MB) Majority white (MW)

You draw one ball and with that ball and what people have estimated before 
(MB or MW), you make an estimation (MB or MW) 

Banerjee, Quart J Econ (1992) 
Bikhchandani, Hirshleifer, Welch (1992) J Polit Econ



Rational decision rule 

Guess MW when P(MW| what you see and heard)>1/2 
Else choose MB 

From the setup we know 

P(MW)=P(MB)=1/2 
P(w|MW)=p(b|MB)=2/3 

Decision by first person assumig she draw w 

P(MW|w)=P(w|MW)P(MW)/P(w)=2/3x1/2/1/2=2/3 > 1/2 -> says MW 

    where 
    P(w)=P(w|MW)P(MW)+P(w|MB)P(MB)=2/3 x1/2+1/3x1/2 

… 



Third person 

P(MW| w w b)=P(w w b|MW) P(MW) / P(w w b)=4/27 x 1/2 /1/9=2/3 > 1/2 -> says MW 

where 

   P(w w b|MW)=P(w|MW) P(w|MW) P(b|MB)=2/2 x 2/3 x 1/3=4/27 
   P(MW)=1/2 
   P(w w b)=P(w w b|MW) P(MW) + P(w w b|MB)P(MB)=4/27x1/2+1/3x13x2/3x1/2=1/9

The thid person should choose w independently of what she sees 
The same for the rest, so a cascade forms 

It is rational to form a cascade in which people simply copy,  
and they might get it wrong



  
Perez-Escudero & de Polavieja (unpublished); data from Hoare et al (2004)

Increased aggregation in adversity from decision-making





vF (0) vL
d

vF (0) > vL

vF (teq) = vL

dF (teq) = d+ dL(teq)



vF (teq) = vL

dvF
dt

= �↵vF

vF (t) = vF (0) exp(�↵t)

t =
1

↵
ln

vF (0)

vF (t)

teq =
1

↵
ln

vF (0)

vL



dF (teq) = d+ dL(teq)

dF (teq) =

Z teq

0
vF (0) exp(�↵t) =

1

↵
(vF (0)� vL)

vF (t) = vF (0) exp(�↵t)

dL(teq) = vLteq] =
vl
↵

ln
vF (0)

vL

1

↵

(vF (o)� vL) = d+
vl

↵

ln
vF (0)

vL



Panic is decision-making 
Perez-Escudero & de Polavieja (submitted)

Most accurate groups are small 
Vicente-Page & de Polavieja (isubmitted)

Other uses of modelling in collectives

Approach as acceleration until gliding 
alone  
takes a fish to another fish 
Laan & de Polavieja (submitted)

Consensus in kids using a geometric mean  
Ioannou, Madirolas & de Polavieja (in prep)

Subjetive opinion on videos obeys Bayesian 
rules 
Grabowicz, Ferrero-Romero, Bienbenuto & de Polavieja (submitted?



Theory of decision-making in groups

Collective behavior in humans

Collective behavior in zebrafish


